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Air-Gap Flux Splitting for the Time-Harmonic
Finite-Element Simulation of Single-Phase Induction
Machines

Herbert De Gersem and Kay Hameyer

Abstract—A time-harmonic finite-element formulation is derlining indicates effective phasors. The two-dimensional TH

strongly coupled to fast Fourier transforms, discretising a par- formulation is
ticular kind of interface conditions. The approach enables the
splitting of the elliptical air-gap field, typical for single-phase in- 0 ( 0A, 0 ( 0A,
duction machines, into two contra-rotating parts that are applied Tar \"ar | T Ay v dy
to two distinct rotor models. Motional eddy-current effects can ) )
then be incorporated by slip transformation. The simulation of with » the reluctivity, s the conductivity,/. the length of the
a capacitor-run motor demonstrates the coupled discretization model, andAV the phasor of the voltage drop between front
scheme and the high efficiency of this approach. and rear ends of the model. Motional eddy-current effects are

Index Terms—Eddy currents, finite-element methods, moving exactly resolved by the introduction of tietip s defined as
bodies, single-phase induction machines. the relative difference between the angular speed of the rotating

air-gap wavev/A and the mechanical speeg), of the rotor

) +pwsod. = LAV (2)

|. INTRODUCTION W — Ay,
S=—.

INGLE-PHASE (1-ph) induction machines (IMs) mainly w )
perate in domestic applications, e.g., fans and lawn move§g cretising (2) on the cross sectiéhof the device by, FEs

[1]. B_ecause of_ the i_ncreased inte_rest in efficient operation széx’ y), yields the system of equatiodu = f with
electrical machines, improved designs and, hence, also fast an =

accurate simulation techniques are required. In contrast to the
case of three-phase (3-ph) IMs, simple time-harmonic (TH) fi-
nite-element (FE) solvers do not apply here. This paper extends o
the TH FE method by the newly developed air-gap flux-splitting [, = / 7 AV N,; dQ. (5)
approach in order to simulate 1-ph IMs as well. 2%

Kij = /(I/V.ZVZ . VNJ —|—jwsaNiNj) a2 4)
2

This approach for motional eddy-current simulation is called
[I. THREE-PHASE INDUCTION MACHINES slip transformationand is also reliable for technical 3-ph IMs

A fast and sufficiently accurate simulation of 3-ph IMs a[or which the assumption on the air-gap field applies only ap-

steady-state is offered by TH magnetodynamic FE simulatigﬁc’Ximately [3]. If the formulation is further equipped with a

[2]. A necessary assumption thereby is that the magnetic ﬁé]anlinear loop to account for ferromagnetic saturation and an
in the air gap can be considered as a rotating wave external circuit to model the supply and the end-winding and
end-ring impedances, a fast and remarkably accurate design tool

A.(rq, 0, ) = Re {g(l)\/ie](wtf)\(-))} ) 1) for 3-ph IMs is obtained [4].

Here, A. denotes the component of the magnetic vector po- lll. SINGLE-PHASE INDUCTION MACHINES

tial coordinate along the circle,,, is an effective phasow is  ajternating field in the air gap. If an auxiliary winding is con-
the electrical pulsation, anilis the pole pair number [3]; Un- sirycted in the quadrature axis and fed by an alternating current
with another phase, an elliptical field is achieved. Because this
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only the components; andg(_l) of ¢, are nonzero, as in-

stator model . . : . " . .
Q 0 dicated in (6). If the air-gap field is pure alternating, the magni-
tudes Ofg(l) andg(_l) are equal. In general, however, may
containm nonzero component: ) due to stator and rotor slot-
ting and due to the spatial distribution of the windings.

elliptical air gap field The air-gap flux-splitting approach consists of splitting the
Ug vector cg, in the forward- and backward-rotating component
| | vectorsc, andc _, respectively (Fig. 1)
I| Ry (s \Y R- . cy =Rycg ®)
o | =
forward rotating backward rotating c_=R_cyg. 9)
components components
F;M ¢/__H_i: R, andR_ are square diagonal matrices such that+ R_ =
Ty T I. At ', andI'_, the decomposed air-gap fields represented by
QU 000/u+ u \QQQ U 000 ¢, andc _ are transformed into the FE DOks andw _ atl'
S 9 2 S - andI'_ by inverse discrete Fourier transformatidns:
= 5, D = . O
first rotor model second rotor model
. . " H+:F_IQ+ (10)
Fig. 1. Scheme of the air-gap flux-splitting approach.
uw_=FTl¢_ (11)

technical devices [7]. The indicated inconveniences and former_. . .
satisfactory results for the 3-ph case [4] motivate the develo _Similarly, for the 3-ph IM case, motional eddy-current effects
iated to higher harmonics, i.g5| > 1, are neglected. For

ment of a similar TH FE& method for slotted 1-ph IMs. both rotor models, the slip is determined with respect to the

fundamental field wavey = 1 andk = —1, only
IV. AIR-GAP FLUX SPLITTING

Analytical approaches for 1-ph IMs decompose the elliptical IR VN
air-gap field into two contra-rotating fields, corresponding to $=5+= in- £y (12)
two fictitious 3-ph IMs
R (13)
W

AZ(%av 9, t):Re {g(l)\/ieﬂ(wt—)ﬁ) +g(_1)\/§61(wt+)\0)} (6) . . .
This approach allows to consider the motional eddy currents

; ; ue to the fundamental forward and backward flux components
with ¢ ) andg_(_l) the effective phasors of the fqrward and jthout time-stepping and moving meshes. The imp ortant
backward rotating components [1]. The electromotive force al ppINg 9 : P

the torque follow by the superposition of the 3-ph IM CharJ_nfluence of the third harmonics could be considered by two
acteristics. The air-gap flux-splitting approach, presented he d|_t|onal ro'For models, which is not done here.. F_or numencal
transfers this idea into the TH FE framework. The method h§LCieNncy. it is recommended to couple the splitting relations
the nature of a superposition technique. The elliptical air-gap)—(10) together with the FE formulation in one system of
flux ¢¢ is split into two rotating flux components, and¢_ equations.

which are then applied to two distinct rotor modgls and2_

(Fig. 1). In a postprocessing step, the true solution is restored by V. VARIATIONAL FORMULATION

superposing both field contributions. The splitting is required to . , )

allow a different slip value to each of the rotor models. Unfor- Because of (7)—(10), the FE coefficients contained inw

tunately, the proposed splitting of the air-gap field is not so ofNd% — areé not independent. A variational approach, however,
vious within the FE context. requires a set of independent DOFs associated to a set of inde-

The radius of the inner boundaFy, of the stator model and pendent trail and test functions. Therefore, the rotor boundaries
I'; andI'_ are treated aslaveboundaries, both referring to the

simplify explanation and notation, an identical equidistant grigmemasteroundanft’s.. The unknowns af . andl" are re-
of m grid points is considered &, 'y, andl"_. The elliptical 2t€d to those af'y. by
air-gap field af’*y, is transformed into complex Fourier compo-

the outer boundarieB, andI'_ of the rotor models is,. To

nentsc,. In a discrete setting, this corresponds to Y 1 0
we| |0 M o 14
ce = Fug (7) o PR | Lug (14)
——
0 F'R_F w

with u ¢, ; the FE degrees of freedom (DOFs)lat and I the
discrete Fourier transform. If the air-gap field is pure elliptic,

T
:
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with «, the DOFs inside the stator and rotor models. It is alsnrengthg +9,+t9_= = 0. The continuity and splitting of the
possmle to consider the Fourier coefficients as the independerdgnetic qux densny in the air gap is enforced by the additional

unknowns constraints
Y I 0 U,
0o Fr! U, 0 Ry —-F O U 0
= . [ } (15) [ * } S :{ } (18)
u 0 IRy Lcg 0 RF 0 —F]|uy 0
S—— ~ ~~
u_ 0 F'R_ w B u_
R — ~——
u r u

In both cases, the overall set of unknowascorresponds to Equations (17) and (18) constitutesaddle-poinproblem
an independent set of shape functions. Hence, a variational ap-
proach can be applied, resulting in the system of equations {K BH} {ﬂ _ [i} (19)
B 0 ]lp 0]
PHKPw=PHf. (16)
The vectorg) and¢ can be interpreted as two sets of Lagrange

P*H contains the operatots—# , R andR¥ which are equal multipliers [8]. B has size2m x n and is of full rank.K is
toF, Ry,andR_, respectlvely ann x n matrix and consists of three diagonal blocks corre-

The variational formulation explicitly eliminates the FE unsponding to 1 stator and 2 rotor models. Since the rotor models
knowns at the slave boundaries with respect to unknownstaive only Neumann constraints, a solutioof Ka = b for a
the master boundary. Hence, all unknowns represent indepgiven right-hand sidé is only defined up to one additive con-
dent DOFs and the existence and uniqueness of a solutiorstant per rotor model. As a consequen&ehas rank: — 2. The
the problem is easily checked. The formulation explicitly corexistence and uniqueness of a solution of (19) is guaranteed by
structs the FE spaces that invoke the splitting and guarantées properties of the discrete Fourier transforms embeddBd in
the continuity requirements for both the normal component {#].
the magnetic flux density and the tangential component of the kX denotes an operator equivalentiq i.e., Ka = Ka =
magnetic field strength in the air-gap area. This approach hafor b ¢ Rank, and incorporating one additional constraint
particular disadvantages. The supports of the shape functionsgs- rotor model. It is now possible to eliminate the vector of
sociated withu ¢, or ¢, are considerably larger compared withunknownsu from (19) and solve the reduced system
those of common FE shape functions. This is reflected in the . .
system matrix?® K P by anm x m dense block introduced by BK'B" p=BK~'f. (20)
the Fourier transforms. The explicit construction®f K P is s
therefore strongly discouraged. Instead, oRlys built. P and
PH are applied as operators. Hence, the system matfix P
only exists in factorized form. This is sufficient for Krylov sub-
space system solvers since these only need matrix—vector
tiplications. If the grids al’s., 1, andI'_ are equidistant and
matching, fast Fourier transforms (FFT) and inverse FFTs aII
the most efficient application of and 7 —*.

This approach is however not rewarding in practice. The
computation of the matrixS requires the computation of

n —*BH which is too expensive. Instead, preconditioned

rylov-type methods, directly applied to the mixed formulation

9), are favored. Due to the off-diagonal blocksand B,

e saddle-point problem (19) does not preserve the complex
symmetry of the FE matrix patk’. Hence, Krylov subspace
solvers for nonsymmetric systems, such as Biconjugate Gradi-
ents Stabilized and Generalized Minimal Residual, are due.

An alternative formulation maintains the vectors of unknowns
u, andx _ as unknowns in the formulation. The FE system VII. BENCHMARK MODEL
of equationsK« = f corresponds to the situation as if ho-
mogeneous Neumann constraints were applidtgatl’, and
I' _. The unknown magnetic field strength along the edges
g, I'y,andl’_ are collected irg&, 9. andg andexpressed

by

VI. SADDLE-POINT FORMULATION

The air-gap flux-splitting approach is tested for a simple
BQIid-rotor 1-ph IM (Fig. 2). The stator excitation is replaced by
an alternating- or elliptical-field boundary condition at the outer
radius of the model. The air gap is not shown in the figures.
The magnetic flux lines are plotted for two instants of tire,

0 0 0 andty, a quarter of a period shifted in time. The true solution is
shown on the rotor within the stator. The fields in the left and

-1 -1
I PRy FTR- [%} (17) right rotor models at, and¢; feature the same flux patterns
g4 -t 0 € shifted over 90 mechanically, indicating their rotating nature.
g 0 —F1 \},’/ For a locked rotor excited by an alternating field, = s_,

T ~ ~ - and both rotor models behave similarly, yielding a symmetric,

alternating, overall field. In the situation of the locked rotor
with 7> and{ two m x 1-vectors. Notice that (17) explicitly excited by an elliptical fields . # s_, both flux patterns differ
implies the necessary continuity relation for the magnetic fielhd constitute a nonsymmetric air-gap field. In the case of rotor
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(b) alternating field, moving rotor
w ol

The magnetic flux lines for the slips, = 0.5 ands_ = 1.5
Ay W

are plotted in Fig. 3. The middle rotor model serves for super-
posing the solutions, evaluating the nonlinear characteristic of
the ferromagnetic iron and visualizing the final solution. The
magnitude of the fundamental backward rotating wave is 38%
compared with the magnitude of the fundamental forward ro-
tating wave. Hence, the reverse torque component cannot be
neglected. The higher order componefts$,> 1, are less im-
portant because they generate currents and torques which scale
as1/k and1/k?, respectively. The method enables the com-
putation of the torque, the eddy currents, and the local losses
at a steady-state with a certain speed, up to the technically re-
quired accuracy, within a single computational step. The same

Fig. 2. Solid-rotor 1-ph IM model: Magnetic flux line plots &t andt, for
a locked (left) and a moving (right) rotor excited by an alternating (above) or
elliptical (below) field.

Fig. 3. Plot of the magnetic flux lines & and¢, of the start/run-capacitor
motor model operating at slip.5.

(4]
movement,s, # s_, and different flux patterns are observed
for both the alternating and elliptical air-gap field.

(5]

VIIl. A PPLICATION

The FE flux-splitting approach is applied to simulate a loaded
capacitor-run 1-ph IM. Both stator and rotor are slotted. The al-
ternating field excited by the main winding is augmented by a
field generated by an auxiliary winding, put in the quadrature [7]
axis of the main one and series connected to a capacitor. End-ef-
fects and the electrical supply are modelled by an external cir-[g]
cuit coupled to the FE model [9]. The ferromagnetic saturation
of the stator and rotor iron is taken into account by subsucces—[
sive substitution [9]

(6]

method applies without modifications to shaded-pole IMs and
reluctance-start IMs [1].

IX. CONCLUSION

The decomposition of the elliptical air-gap flux of a capac-
itor motor model allows to distribute forward- and backward-ro-
tating components to two distinct rotor models. Motional eddy
currents are efficiently taken into account by slip transforma-
tion. The coupled TH FE formulation with air-gap flux splitting
results in a fast simulation tool for steady-state operations of ro-
tating single-phase IMs.

ACKNOWLEDGMENT

The authors would like to thank ATB Austria for providing
the material data of the capacitor-run motor.

REFERENCES

C. G. Veinott,Fractional- and Subfractional-Horsepower Electric Mo-
tors, 3rd ed. New York: McGraw-Hill, 1970.

E. Vassent, G. Meunier, and J. C. Sabonnadiére, “Simulation of
induction machine operation using complex magnetodynamic finite
elements,IEEE Trans. Magn.vol. 25, pp. 3064—3066, July 1989.

H. De Gersem, R. Mertens, and K. Hameyer, “Comparison of time-har-
monic and transient finite element models for asynchronous machines,”
in Proc. Int. Conf. Electrical Machines (ICEMOQQyol. 1, Helsinki, Fin-
land, pp. 66-70.

R. De Weerdt, E. Tuinman, K. Hameyer, and R. Belmans, “Finite el-
ement analysis of steady-state behavior of squirrel cage induction mo-
tors compared with measurementf?EE Trans. Magn.vol. 33, pp.
2093-2096, Mar. 1997.

N. Sadowski, R. Carlson, S. R. Arruda, C. A. da Silva, and M. La-
joie-Mazenc, “Simulation of single-phase induction motor by a general
method coupling field and circuit equation$EEE Trans. Magn.vol.

31, pp. 1908-1911, May 1995.

S. Williamson and A. C. Smith, “A unified approach to the analysis of
single-phase induction motordEFEE Trans. Ind. Applicatvol. 35, pp.
837-843, July 1999.

H. De Gersem and K. Hameyer, “Finite element simulation of motional
eddy currents in slotted geometrie33SAEM Studies Appl. Electromagn.
Mech, submitted for publication.

F. Brezzi and M. Fortin, Mixed and Hybrid Finite Element
Methods Berlin, Germany: Springer-Verlag, 1991.

9] H. De Gersem, K. Debrabandere, R. Belmans, and K. Hameyer, “Mo-

tional time-harmonic simulation of slotted single-phase induction ma-
chines,”IEEE Trans. Energy Conversipsubmitted for publication.



	Index: 
	CCC: 0-7803-5957-7/00/$10.00 © 2000 IEEE
	ccc: 0-7803-5957-7/00/$10.00 © 2000 IEEE
	cce: 0-7803-5957-7/00/$10.00 © 2000 IEEE
	index: 
	INDEX: 
	ind: 
	Intentional blank: This page is intentionally blank


