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Abstract 
In order to obtain an accurate simulation of a saturated permanent magnet machine 
designed for servo applications, both magnetic and thermal fields have to be 
calculated in a coupled simulation.  The temperature dependency of the magnetic 
and electric material characteristics of the conductors and the permanent magnetic 
materials has to be considered.  The combination of several algorithms are leading 
to the overall solution of the fields.  This approach is ill ustrated by a coupled 
simulation of a small permanent magnet motor for automotive applications.  For 
this example, the performance characteristics versus the operating range of 
environment temperatures are calculated. 

 
 

1. - INTRODUCTION 
 
To predict the performance of electromechanical 
devices, already in the design stage, a coupled 
simulation is recommended due to the strong 
dependency of the material characteristics on 
temperature.  This leads to a non-linear system of 
partial differential and algebraic equations which can be 
solved by applying finite element methods and adaptive 
relaxation techniques. 
Using this approach, a better prediction of the change of 
the torque-speed characteristics at extreme 
environmental temperatures is made and eventually the 
demagnetisation point is predicted more accurately.  
This knowledge can be used to optimise the design of 
machines within an electrical drive system operating in 
changing environmental circumstances.  As an 
ill ustration of the coupled calculations, the simulations 
of a small saturated permanent magnet servo motor are 
used. 
 
 
3. - MAGNETIC-THERMAL COUPLED 
CALCULATIONS OF PM-MACHINES 
 
2.1 - Magnetic sub-problem 
 

The material properties of permanent magnets are 
temperature sensiti ve.  Therefore, the flux in permanent 
magnets depends on the temperature.  The point of 
irreversible demagnetisation of the magnets is reached 
much earlier.  All magnetic materials lose their 
properties beyond a certain transition temperature, the 
Curie temperature. 
The behaviour of permanent magnet machines is 
described by differential equation (1). 
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with A the magnetic vectorpotential ( ∇ × =A B ) and V 
the voltage drop along the conductors.  v represents the 
local speed vector [1].  The saturation and the coupling 
to the temperature through the electrical conductivity σ 
and the permanent magnet data υ and M make this a 
non-linear problem formulation. 
The second term on the left-hand side represents the 
current density J V= − ⋅∇σ .  If the current source 
density is known, it moves to the right-hand side.  
Otherwise it resides, and extra (circuit) equations [2] 
have to be added to compute V. This introduces 
numerical diff iculties due to the different algebraic 



nature of these equations.  External lumped parameter 
models for brushes, for example, can be included in this 
part. 
Often, the motional term between the brackets, 
describing the induced voltage due to motion, can be 
omitted without affecting the precision of the solution 
when no skin effects can occur (e.g. stranded 
conductors), but remains in the circuit part. 
 
 
2.2 - Thermal subproblem 
 

( )( )∇ ⋅∇ = − −

=

=

k T T p p

p
J

T

p f B

Fe

Fe

Ω

Ω

2

σ
ω

( )

( , )

 (2) 

 
Ohmic losses in the armature winding are assumed to be 
the heat sources.  They are calculated based on the 
currents J withdrawn from the magnetic solution. 
Ferromagnetic losses pFE are generated in the rotor for a 
dc-type PM-machine respectively in the stator of a 
brushless dc-machine and are a function of the magnetic 
field B and rotation speed.  Eddy currents may occur in 
conducting magnets [3]. 
Most of the heat source terms are expressed by non-
linear functions of the solution of the magnetic problem.  
The thermal conductivity k is a function of the 
temperature itself. 
 
 
2.3 - Discretisation by means of the FEM  
 
The equations are discretised by applying a Galerkin 
approach on a triangular FEM-mesh.  This leads to a 
non-symmetric system of equations for the magnetic 
part due to the directional character of the term 
describing the motional induced voltage.  If necessary, 
these equations are completed by a set of electric circuit 
equations containing temperature dependent parameters 
as well such as the resistivity of the conductor material. 
The thermal equation leads to a symmetric system of 
equations. 
These different types of large-scale systems are solved 
very eff iciently individually with an appropriate, pre-
conditioned iterative solver.  In case of the non-
symmetric equations this would be SORBiCG whereas 
the symmetrical equations are better solved by a 
SSORCG algorithm. 
 
 
2.4 - Coupled problem solution strategies 
 

The coupling of the magnetic and the thermal field can 
be accomplished in two different ways: 

• Full or numerical strong coupling 
• Cascade or numerical weak coupling 

A very obvious way is to directly treat the coupled 
system by solving the complete set of full y coupled non-
linear equations.  After discretisation, this may lead to 
an extensive system of algebraic equations describing 
phenomena with different time constants [4].  To 
linearise this coupled system of equations a database 
containing suff icient information to determine the 
interdependencies of the material characteristics on the 
solution variables has to be present [5].  If a Newton 
algorithm is applied in a non-linear iteration, the partial 
derivatives have to be known.  This system of equations 
results in the total solution vector, but is hard to solve in 
practice due to different numerical properties of the 
underlying subproblems. 
An alternative strategy consists of the decomposition of 
the multi -field problem into a cascade of (non-linear) 
sub-problems, each covering a single physical field.  
The sub-problems are solved sequentiall y by well -suited 
numerical algorithms in an iteration loop until 
convergence is obtained.  Intermediately, the coupling 
terms such as the heat sources are calculated and the 
material parameters are adjusted per mesh element 
based on the solutions of the previous steps [6] [7].  To 
obtain a fast convergence, an adaptive relaxation 
algorithm is required.  In general, this approach is very 
flexible.  The algorithm can be adapted easil y for 
different types of motors with different loss mechanisms 
and materials. 
 
 
3. - APPLICATION 
 
3.1 - Motor designs 
 
This approach is ill ustrated on a small 14V-50W 
permanent magnet brushed dc motor for automotive 
applications with a full l oad speed of 100 rev/s [8] in an 
intermitted duty.  Its range of operation is required from 
-40°C to +180°C.  The armature is wound in two layers.  
The permanent magnet demagnetisation characteristic is 
influenced by the temperature which leads to deviate 
operations under the extreme temperatures. 
The design is made for two types of permanent magnet 
materials, a typical ferrite and a NdFeB alloy.  Due to 
the different magnet characteristics, the rare-earth 
magnet design leads to a thinner magnet and hence a 
smaller motor.  These materials have different 
temperature dependencies.  In general rare-earth 
materials have larger temperature coeff icients and 
therefore, the decline of the flux at higher temperatures 
increases.  The major data necessary for the calculations 



is found in table 1, which is based on some typical 
commerciall y available materials. 
The necessary purely magnetic data are the remanent 
field Br and the relative permeabilit y µr.  The 
temperature dependency is expressed by two thermal 
coeff icients, valid for the linear part of the 
magnetisation characteristic in which all regular 
operation points must be found (Fig.1): 
• αBr describes the linear temperature shift of the 

remanent field 
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• αHc’ models the linearised change of the coerciti vity 
Hc

*   and Hc
*   stands for the linearly extrapolated 

value of the coerciti ve field. 
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Fig. 1: Demagnetisation characteristic of permanent magnet 
material. 
 
Material Br [T]  µr thickness [mm]  
Ferrite 0.28 1.1 8 
NdFeB 0.52 1.25 1.4 
Table 1a: major magnetic and design characteristics of the 
permanent magnets. 
 
Material αBr αHc’ k [W/mK]  
Ferrite -0.002 -0.002 2 
NdFeB -0.001 -0.005 10 
Table 1b: major thermall y related characteristics of the 
permanent magnets. 
 
 
3.2 - Thermal modelling of the air gap 
 
The largest part of the heat flows from the rotor through 
the air gap to the stator, where it is transmitted to the 
surrounding air by natural convection [9].  Hence, a 
major part of heat flows through the permanent magnet.  
The rest of the heat is transport by conduction through 
the shaft or is taken away by a forced axial cooling flow 
if forced ventilation is foreseen. 
An important part of the thermal model is therefore the 
representation of the air gap.  In the finite element 

model, the air is defined by an equivalent conductivity, 
of which the value is calculated based on fluid-dynamics 
considerations. 
In a first step, the flow regime in the air gap is 
determined.  The calculation of the Taylor number of 
the flow demonstrate that no vortices arise and that the 
transport will be laminar [10].  Hence the main heat 
transport mechanism in the air gap is  conductive. 
From experiments described in literature [11], a Nusselt 
number can be estimated for this flow.  This has to be 
augmented by 30% because of the non-smooth surfaces 
causing recirculating flows.  The non-smoothness of the 
rotor has the largest effect influence on this. 
This leads to an estimate for the surface heat transfer 
coeff icients for the rotor and stator surface.  For these 
types of flows, the temperature dependency of the 
parameters can be neglected. 
In the classical lumped parameter thermal models a 
series connection of two thermal resistances is 
calculated based on these values [12].  To derive an 
equivalent thermal conductivity keq,ai r, this is assumed to 
be equal to a thermal resistance of an cylindrical 
component with the dimensions of the air gap. 
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3.4 - Coupling of the magnetic and thermal models  
 
The coupling of both models is not straightforward if 
the stationary thermal field is the objective of the 
calculation.  The magnetic subproblem leads to a static 
solution of the magnetic field.  If this would be used to 
calculate the joule losses in the armature winding, a 
temporary figure of those losses would be the result.  
This means that the conductors involved in the 
commutation process would not generate heat.  On the 
other hand, the input of the thermal model must be an 
average loss in order to obtain a static thermal image.  
Therefore, some intermediate calculations must be 
performed: 
• Time-averaging of the temporary heat losses over the 

conductors.  This can be done approximately, by 
averaging over the slots as modelled in the static 
solution (spatial averaging). 

• Multipli cation with the duty factor to account for the 
intermitted operation. 

 
 
3.3 - Dual thermal model of the air gap 
 



From the thermal model, the temperature of the stator 
magnet region and the rotor conducting regions has to 
be retrieved to serve as an input for the magnetic model.  
For machines with an almost smooth air gap (e.g. 
induction machines), it is possible to retrieve that 
information from only one model.  Here, however, the 
air gap is not smooth due to the surface-mounted 
magnet shells and hence the path of the heat flow is not 
full y axisymmetric. 
 
From the viewpoint of the stator (static frame), the fast 
revolving rotor can be modelled as a rotating cylinder 
with the averaged heat sources, estimated in the 
magnetic problem.  The first model, referred to the 
stator, contains the air gap and the magnet shells in 
their correct geometry (Fig. 2a).  The resulting thermal 
field in the stator will  be used to update the temperature 
depending magnetic properties of the permanent 
magnet. 
 
A second model is referred to the rotor (Fig. 2b).  The 
heat sources are averaged to obtain the static field.  The 
heat path through the air gap is changing periodically as 
seen from the revolving rotor.  Therefore, to obtain a 

constant heat flow density from the rotor surface, an 
equivalent axisymmetric material must be assumed, 
filli ng the air and the magnet regions and representing 
the average flow path.  The equivalent thermal 
conductivity kavg of this material can be calculated by 
equation (6). 
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For the stranded conductors, an average thermal 
conductivity can be deduced, accounting for the 
isolation and the size of the strands.  An extra thermal 
contact resistance between them can be modelled as 
well . 

 
 

c) MAGNETIC MODEL 
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Fig. 2 : Relation between magnetic and thermal models. 



4. - RESULTS 
 
The computations are performed on a mesh containing 
8892 triangular element of first order for the ferrite 
design.  Because of the smaller geometry of the NdFeB 
model, only 7748 elements are used (Fig. 3). 
 

 
Fig. 3: Discretisation for the ferrite design. 

 
After the coupled field problem converges, an accurate 
solution of both, the magnetic and thermal field (Fig. 4, 
5) is obtained.  It is used to calculate the torque and 
other motor performance characteristics such as the 
eff iciency. 
Because of the differences in thickness between the 
alternative designs and the difference in thermal 
conductivity (table 1), a larger temperature difference 
between stator and rotor can be noticed for the ferrite 
design. 
Table 2 contains temperatures and heat loss densities 
resulting out of the calculation at selected 
environmental temperatures. 
 
Surrounding 
air temp. [ °C]  

qCu 

[W/m³]  
TCu 

[ °C]  
TM  

[ °C]  
-40 9,38.104 -21,3 -26,9 
25 1,29.105 50,8 43,0 
100 1,70.105 134,0 123,4 
180 2.13.105 222,6 209,4 

Table 2a: Thermal solution data at selected environmental 
temperatures (ferrite design). 
 
Surrounding 
air temp. [ °C]  

qCu  
[W/m³]  

TCu  
[ °C]  

TM  
[ °C]  

-40 9,43.104 -20,1 -24,8 
25 1,29.105 52,4 46,0 
100 1,71.105 136,1 127,6 
180 2.15.105 225,3 214,7 

Table 2b: Thermal solution data at selected environmental 
temperatures (NdFeB design). 
 

 
Fig. 4: Plot of the magnetic flux li nes (ferrite design). 

 
It must be noted that during the iteration process, the 
operation point on the permanent magnet characteristic 
can oscill ate heavil y.  This happens when an 
inappropriate or no relaxation is applied to the 
adjustment of the material data within the non-linear 
iteration loop.  In that case, a non-smooth convergence 
towards the solution of the non-linear coupled problem 
or, in some cases, a divergence may be obtained. 
 

 
Fig. 5: Composite plot of the isothermal lines  (ferrite design); 
fields li nes in the air gap are not shown since an equivalent, 

none physical material was assumed there. 
 
Figure 6 shows the torque characteristics relative to the 
nominal torque at a standard temperature of 25°C for 
the different designs in rated conditions.  In this case, a 
constant armature current is assumed. 
This figure shows the higher temperature sensiti vity of 
the NdFeB design.  The torque drops almost linearly 
when the temperature increases.  At lower temperatures, 
the torque rises as the permanent magnet flux becomes 
higher, causing the machine to saturate stronger.  This 
leads to a non-linear characteristic at low temperatures.  
This is also noticed in the convergence rate of the 
algorithm: due to the higher saturation level, more non-



li near steps are necessary during the solving of the 
systems of equations. 
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Fig. 6: Torque characteristic (rated conditions) for an 
increasing temperature of the surrounding air (the full li nes 
cover the rated operating range). 
 
Related characteristics such as torque characteristics at 
rated constant voltage or speed characteristics can be 
derived as well .  In that case the circuit equations, 
holding temperature dependent resistances, have a 
larger impact. 
 
 
5. - CONCLUSION 
 
A coupled design approach is necessary for permanent 
magnet machines operating over a large temperature 
range.  Especiall y the temperature dependency of the 
permanent magnet material characteristics leads to an 
important change in performance characteristics.  These 
effects can be considered by applying a relaxed coupled 
FEM-simulation.  This is ill ustrated for a saturated dc 
permanent magnet machine.  The approach can be 
generali sed towards other types of electrical machines 
containinf permanent magnets such as brushless dc-
machines with non-smooth air gaps. 
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