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Abstract—This paper presents a comparative study of
different static hysteresis models coupled to the paramet-
ric magneto-dynamic model of soft magnetic steel sheets.
Both mathematical and behavioral as well as physically
based approaches are discussed with respect to the abil-
ity to predict the dynamic hysteresis loop shape and iron
loss under arbitrary excitation waveforms. Both current- as
well as voltage-driven excitation cases are evaluated. The
presented analysis discusses and points out advantages
and limitations of the majority of the well-known static hys-
teresis models. In this way, it supports the selection of ad-
equate hysteresis models for the specific application, i.e.,
smooth excitations, distorted flux waveforms, transients, or
steady-state regimes. Comparisons against measurements
for a M400-50A electrical steel over a wide range of mag-
netic flux density and frequencies for both sinusoidal and
arbitrary excitations are analyzed. In the analysis hystere-
sis loop shapes, power losses as well as NRMS errors of
individual loop sections are compared.

Index Terms—Eddy currents, iron losses, magnetic hys-
teresis, magnetization dynamics, pulse width modulation
(PWM), soft magnetic materials.

I. INTRODUCTION

THE prediction of the magnetic behavior of soft magnetic
steel laminations under arbitrary excitation waveforms is

critical for the design and further improvement of electromag-
netic energy transducers. Particularly crucial is the prediction
of iron loss and dynamic magnetization during the operation
of rotating electrical machines [1]–[5] or energy converters,
such as, e.g., dc–dc converters [6], [7] that operate under pulse
width modulation (PWM)-like excitations. Nevertheless mate-
rial data (iron loss and magnetization curves) supplied by the

Manuscript received January 4, 2016; revised March 19, 2016; ac-
cepted March 31, 2016. Date of publication May 18, 2016; date of current
version February 9, 2017. This work was supported in part by ARRS,
Project Number P2-0115. The work of S. Steentjes was supported by
the DFG and carried out in the research project ”Improved modeling and
characterization of ferromagnetic materials and their losses.”

S. Steentjes and K. Hameyer are with the Institute of Electrical Ma-
chines, RWTH Aachen University, D-52062 Aachen, Germany (e-mail:
simon.steentjes@iem.rwth-aachen.de; kay.hameyer@iem.rwth-aachen.de).

M. Petrun and D. Dolinar are with the Institute of Power Engineer-
ing, FERI, University of Maribor, SI-2000 Maribor, Slovenia (e-mail:
martin.petrun@um.si; drago.dolinar@um.si).

Color versions of one or more of the figures in this paper are available
online at http://ieeexplore.ieee.org.

Digital Object Identifier 10.1109/TIE.2016.2570200

data sheet or acquired through standardized measurements un-
der sinusoidal magnetic flux density waveform do not apply for
the magnetic components of inverter driven electrical energy
converters and rotating electrical machines.

For instance, PWM-like voltage waveforms occurring in dc–
dc converters [6], [7] significantly affect and exacerbate the iron-
loss prediction based on standardized measured data. Among
others, the PWM inverter characteristics such as the modulation
index or pulse wave affect the iron loss which are directly related
to the hysteresis loop shape.

Useful engineering methodologies for iron-loss predictions
in magnetic laminations supplied with a PWM waveform either
require a large amount of measured data for parameter identi-
fication or are prone to large prediction errors [8]–[11]. They
do not account for the complex interplay between magnetic
hysteresis and eddy currents in the laminations [11]–[13].

In order to accurately predict the iron-loss and magnetiza-
tion behavior of non-oriented (NO) soft magnetic steel sheets
(SMSS) under arbitrary excitation waveforms, it is indispens-
able to utilize a hysteresis model directly coupled to an eddy-
current (lamination) model [14]–[19].

Conventional hysteresis models such as Preisach or Jiles-
Atherton (J-A) address hysteresis effects independently of the
eddy currents. In this paper, a strongly coupled model that
addresses both phenomena simultaneously is developed in
such a way that the interplay between skin effect, i.e., eddy
currents across laminations and hysteresis can be resolved
accurately.

With the help of the parametric magneto-dynamic (PMD)
model [19]–[22], the magnetization processes in thin and long
SMSSs neglecting edge effects is described. This model offers
the flexibility to implement various inverse hysteresis models
to analyze their ability to handle the intricate problem. The
applied hysteresis model utilized to represent the constitutive
relation of the SMSS is critical for the resulting eddy-current
and flux distributions due to different magnetization trajectories
in various layers of the sheet.

The aim of this paper is to present a direct comparative analy-
sis of most of the well-known static hysteresis models in combi-
nation with the PMD model for the prediction of magnetization
dynamics under arbitrary excitation waveforms, i.e., PWM-like
excitation. Both purely mathematical as well as phenomeno-
logical and physically based hysteresis models are studied. The
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only constraint here is the contemplation of history-independent
hysteresis models.

II. PMD MODEL

The spatially random domain structure and the small grain
size of NO soft magnetic materials allow to treat these proper-
ties as homogeneous isotropic. In this case, the magnetization
dynamics can be described by the classical Maxwell equations
where eddy currents are assumed to flow parallel to the surface
of the sheet and domain dynamics are neglected [17].

In the case of a thin steel strip, the one-dimensional penetra-
tion equation (1) describes the diffusion phenomena with ad-
equate accuracy [19]. Therefore, the magnetization dynamics,
induced eddy currents as well as the distribution of the magnetic
field and consequently the shape of the dynamic hysteresis loop
can be determined

σ
∂B

∂t
=

∂2H

∂z2 . (1)

The static hysteresis model used to describe the static magne-
tization behavior in (1) is crucial for the accuracy, computational
performance and resulting magnetic field, and flux distribution.
Therefore, an in-depth study is required (see Section III).

In this paper, the PMD model of SMSSs [19]–[22] is used to
solve the one-dimensional diffusion problem. The PMD model
enables effortless implementation of different inverse static hys-
teresis descriptions.

The PMD model discretizes the magnetic field distribution
inside a SMSS piece-wise uniformly across the sheet thickness
by dividing the sheet into Ns equally thick slices. The magnetic
field inside individual slices can be treated as uniform when
the sheet is divided into an adequate number of slices [20].
The magnetic field inside the sheet is described by a system of
differential equations for all slices. Based on average values and
Faraday’s law, the induced eddy currents ies inside all the slices
can be calculated. These affect the excitation of magnetic field
inside individual slices directly. Considering this by expressing
the equilibriums of magneto-motive forces (mmfs) in all the
slices of the SMSS using Ampere’s law, the PMD model is
expressed by a simple system of ordinary differential equations
(ODEs) (2) [19]–[22]

Θ = Nip = H̄(Φ̄)lm + Lm
dΦ̄
dt

= RmΦ̄ + Lm
dΦ̄
dt

. (2)

In (2), Θ represents a vector of the mmf generated by the
applied current ip in the excitation winding, H̄(Φ̄) is a vector
of average magnetic field strengths as hysteretic functions of
the average magnetic fluxes in the slices and lm is the magnetic
path length. N is a vector with the number of turns N of the
excitation winding, Rm is a vector of nonlinear reluctances and
Lm is the magnetic inductance matrix of the SMSS [20]–[22].

The presented PMD model can be both current and voltage
driven, i.e., the magnetization dynamics can be calculated either
based on the excitation current ip using (2), or based on the
applied voltage up to the excitation winding. For the voltage-
driven excitation, the PMD model is extended by a model of the
excitation winding (3), where up and ui represent the applied
and induced voltage in the winding and Rp and Lσp represent

the resistance and leakage inductance of the excitation winding,
respectively,

up = Rpip + Lσp
dip
dt

+ NT dΦ̄
dt

︸ ︷︷ ︸

u i

. (3)

The size of the obtained ODE system depends on the nu-
merical discretization of the observed SMSS, i.e., the number
of slices Ns . In case that only one slice is defined (Ns = 1),
the PMD model converges to the classical low-frequency eddy
current approximation [19].

In order to study the magnetization dynamics in magneti-
cally anisotropic grain-oriented materials, it is indispensable to
introduce a time delay of the local magnetic flux density with
respect to the magnetic field in all the slices of the sheet [17].
This could be effectively achieved using a magnetic viscosity in
addition to the static hysteresis model. This paper is restricted to
NO SMSSs obeying a fine and highly irregular domain structure
where the diffusion equation (1) provides a fairly reliable basis
for the computation of the dynamic hysteresis loops [17].

III. HYSTERESIS MODELS

The development of hysteresis models is influenced by gen-
erally conflicting demands regarding accuracy, simplicity, and
physical behavior. The major driving forces are the ability to
describe the shape of the static hysteresis loops and determine
related energy loss.

Initially, magnetic hysteresis loops were modeled using math-
ematical models, e.g., the Preisach model [23] and its descen-
dants or the Stop and Play models [24], [25]. These models
are not closely related to the physics of the magnetic materials,
and instead rely on empirical techniques involving the identi-
fication of parameters. Later on, physically-based models such
as the energy-based hysteresis models involving a population
of pseudo particles with friction-like pinning [16], [26], [27]
or the quasi-mesoscopic model that minimizes the total energy
to derive a fictitious reversible and irreversible magnetic field
component [28] were developed.

Likewise, the field-separation principle advanced in [29]
resembles the aforementioned descriptions of magnetic hystere-
sis effect. Those energy-based descriptions obtain the hysteresis
loop branches by the introduction of an offset along the H-axis.
These models are consistent with the laws of irreversible ther-
modynamics making those hysteresis models particularly inter-
esting for engineers who need reliable hysteresis models based
on sound physical grounds.

One of the most cited and used model is the J-A model [30],
[31]. This model has been largely employed due to some advan-
tages such as the relatively small number of parameters and the
good computational performance. However, for the J-A model,
there are still shortcomings with the identification of the model’s
parameter and its stability [32]. Particularly when modeling
distorted and irregular hysteresis loops, the deviation between
modeled and measured loops is often not adequate.

The GRUCAD model relies in contrast to the J-A model
on the decomposition of total field strength into reversible and
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irreversible terms [29] and could be easily extended in order to
include other energy contributions.

Alternatively, transplantation type hysteresis models directly
based on measured major loops or first-order reversal curves
are suited for particular applications. In this respect, the sim-
plest model is the Tellinen (TLN) model [33], where more
advanced models represent the Zirka-Moroz (Z-M) hysteresis
models [14].

The application of individual models depends on the com-
plexity, accuracy, and other properties. The inverse [H(B)] for-
mulations are used due to the straightforward implementation
in the PMD model of the SMSS.

A. J-A Hysteresis Model

The main equation of the inverse J-A hysteresis model [31]
suitable for direct time dependence integration is given by

dM

dB
=

δM (Man − M) + δ c k dM an
dH e

μ0

(

δk + (1 − α)
[

δM (Man − M) + δ c k dM an
dH e

])

(4)
where the complementary relationships (5)–(9) apply. Man is the
anhysteretic magnetization that is described using the Langevin
function L(x) by (5),

Man = MsL

(

He

a

)

= Ms

[

coth
He

a
− a

He

]

. (5)

where He is the effective magnetic field (6)

He = H + αM. (6)

The term dM an
dH e

in (4) is obtained by deriving (5) with respect
to the effective field He using the derivative of the Langevin
function L′(x) by

dMan

dHe
=

Ms

a
L′

(

He

a

)

=
Ms

a

[

1 − coth2 He

a
+

(

a

He

)2
]

(7)
In (4)–(6), α, a, Ms , c, and k represent the J-A model param-

eters, whereas δ is the directional variable that corresponds to
the sign of the derivative dB

dt .
As there is no domain wall displacement after a field reversal

that caused negative dM
dH slopes in the original J-A description,

an additional control variable δM in (4) is introduced by

δM =
1
2

+
1
2

sign

[

(Man − M)
dB

dt

]

. (8)

The output of the J-A model is the magnetic field strength H,
which can be obtained using time integration of

dH

dt
=

1
μ0

dB

dt
− dM

dt
. (9)

B. GRUCAD Hysteresis Model

The concept of anhysteretic curve (truly reversible in the ther-
modynamic sense) is present in the hysteresis model proposed
by the GRUCAD group [29]. The total field strength H is calcu-
lated from the integration of the sum of anhysteretic magnetic
field Han and hysteretic magnetic field Hh components using

(10). Thereby, the source of problems originating in the assump-
tion that total magnetization could be split into the reversible
and the irreversible component is bypassed

dH

dt
=

dHan

dt
+

dHh

dt
. (10)

In order to obtain a system of ODE for direct time-dependent
integration, Han is determined by solving

dHan

dB
=

aan − αanMansL′ (λan)
μ0 [aan + Mans (1 − αan) L′ (λan)]

(11)

where λan is defined by (12) and αan, aan, and Mans represent
the anhysteretic field component model parameters

λan =
1

aan

[

(1 − αan) Han + αan
B

μ0

]

. (12)

The ODE representing the static hysteresis component of the
field is given by (13)

dHh

dB
=

HhsL (λh) − Hh

δγh
(13)

where λh is defined by (14) and γh , ah , and Hhs represent
the hysteretic field component model parameters. The control
variable δ as well as functions L and L′ are analogous to the J-A
model description

λh =
1
ah

[Hh + δHhs] . (14)

C. Stop Hysteresis Model

The Stop hysteresis model is based on the Stop hysteron [24],
[25]. The scalar Stop model in the discretized form describes a
hysteretic relation H(B) by

H(B) =
Nh
∑

m=1

gm(sm(B)) (15)

where Nh is the number of hysteron operators, sm is the
mth Stop hysteron operator and gm is the mth shape function
(m = 1, . . . , Nh) of the model.

Stop operators are defined by (16), where B0 and s0
m are the

values of B and sm at the previous moment in time, respectively,
and ηm is a constant,

sm (B) = max
[

min
(

B − B0 + s0
m , ηm

)

,−ηm
]

. (16)

In general, different shape functions can be applied for an
adequate hysteresis description. In this paper, piece-wise lin-
ear (PWL) shape functions are assumed, with the constants
set to ηm = mB s

Nh
[25]. A section of the PWL shape func-

tion gm between two consecutive break points sm,j−1 and
sm,j (sm,j−1 ≤ s ≤ sm,j ) is defined by

gm (s) = gm (sm,j−1) + κm,j (s − sm,j−1) (17)

where the mth PWL shape function has m break points
(j = 1, . . . , m) that are defined by

sm,j = −ηm + jΔs = −ηm + j
2Bs

Nh
(18)

and κm,j = [gm (sm,j ) − gm (sm,j−1)] /Δs represent the slope
of jth shape function section.



2514 IEEE TRANSACTIONS ON INDUSTRIAL ELECTRONICS, VOL. 64, NO. 3, MARCH 2017

As the PWL shape functions are symmetric in respect to the
origin, the starting value gm (sm,0) of the first section of the
shape function is defined by gm (sm,0) = −gm (sm,m ).

D. TLN Hysteresis Model

The TLN model [33] is based on the major (limit) hysteresis
loop, where B+

lim = f(H) and B−
lim = f(H) represent nonlin-

ear functions or lookup table datasets that adequately describe
the ascending and descending branches of the limit hysteresis
loop as a function of H . The corresponding slopes of these func-
tions μ+

lim = f(H) and μ−
lim = f(H) describe the permeability

of both discussed branches.
Based on the material relations, the TLN model is expressed

in form of two ODEs

dH

dB
=

[

μ0 +
(

μ+
lim − μ0

) B−
lim − B

B−
lim − B+

lim

]−1

(19)

dH

dB
=

[

μ0 +
(

μ−
lim − μ0

) B − B+
lim

B−
lim − B+

lim

]−1

(20)

where (19) is used when dB
dt > 0 (δ = 1) and (20) is used when

dB
dt < 0 (δ = −1).

E. Z-M Hysteresis Model

The trajectories of the aforementioned hysteresis model are
limited by the mathematical and physical constraints and are
subsequently not applicable to all types of hysteretic behavior
such as, e.g., wasp-waisted hysteresis loops. Alternatively, Z-M
proposed to use a behavioral (“equation-free”) hysteresis model,
where, based on the major hysteresis loop, reversal curves of ar-
bitrary order are constructed [14]. Central to the transplantation
model is the assumption of a similarity between the trajecto-
ries of major and minor hysteresis loops. The history-dependent
version intrinsically offers the correct construction of the major
loop and ensures the most relevant empirical rules of Madelung
such as the wiping-out property and the return-point memory
[14].

In this paper, the Z-M history-independent model is employed
[14], which does not retain any information about the magne-
tization history and constructs all internal loops based on the
major loop data, i.e., all reversal curves of any order merge at
the major loop tip. Central to this Z-M model is the gap ΔH
between the major loop trajectory, i.e., ascending or descending
branch, and the reversal curve at the level Bp

ΔH(x) = ΔHR (1 − b)xe−a(1−x) + τΔHout(Bp)bxc (21)

where ΔHout is the width of the major loop, τ a scaling factor,
and ΔHR the field distance of the reversal point to the right
branch of the major loop. a, b, c are constants calculated using
(22), (23) and x is the dimensionless quantity specifying the
ratio of the distance of the loop tip from the current level and the
distance of the reversal point to the loop tip, which is decreasing
from 1 to 0

a = ΔBrev(7.73 + 2.76β − 28.63β2 + 28.36β3) (22)

b = 0.22(1 − β), c = 0.125. (23)

ΔBrev is the distance from the reversal point to the major loop
tip and β the dimensionless ratio of ΔBrev and the height of the
major loop [14].

IV. IMPLEMENTATION AND PARAMETER IDENTIFICATION

For this comparison, the current- and voltage-driven PMD
model versions are implemented using MATLAB/Simulink
software. Different versions of the PMD model by applying
the discussed hysteresis models are evaluated and compared,
where experimental data (measured voltages and currents) are
used directly as the PMD model input. The discussed hysteresis
models are implemented in Simulink using (4)–(23), which are
expressed in such a form that direct time integration without
algebraic loops is enabled.

The ODE models (J-A, GRUCAD, and TLN) are straightfor-
ward and easy to implement, whereas the behavioral, equation-
free Z-M model requires more effort. The implementation of the
Stop model is the most cumbersome of the discussed models,
due to the high number of hysterons and discretization of the
PMD model.

The data of the evaluated NO SMSSs, experimental setup,
and the PMD model is presented in [20]–[22]. The obtained
PMD models classify as stiff ODE problems, hence effective
calculation is obtained by using MATLAB’s variable step solver
ode23tb (TR-BDF2). The absolute and relative tolerances are
set to 10−7 .

When comparing the discussed models, the J-A and
GRUCAD model have the most challenging parameter identifi-
cation, whereas the TLN, Z-M, and Stop model can be simply
identified directly from standardized quasi-static measurements
or alternatively from calculated loops using any other static
hysteresis model.

Due to its popularity and wide use, the J-A model is chosen
for the reference model and identified first, based on a measured
quasi-static major hysteresis loop of Bmax = 1.5T using the
differential evolution (DE) optimization method [34]. To enable
a direct comparison between the applied hysteresis models, the
remaining models are identified based on the calculated J-A
model major loop. In this way, all the models reproduced iden-
tical major (but not minor) static hysteresis loops, except for
the GRUCAD model, where also DE is applied. The optimized
GRUCAD major loop, hence, deviated slightly from the J-A
reference loop.

V. RESULTS

The obtained PMD models are tested for different sinu-
soidal and distorted excitation waveforms for frequencies up
to f = 200Hz and magnetic flux densities up to Bmax = 1.5T.
Different hysteresis models are evaluated by comparing the
calculated and measured major and minor dynamic hysteresis
loops for the NO steel grade M400-50A. In order to provide a
comprehensive analysis, both current as well as voltage-driven
model versions are evaluated.

The results for dynamic major loops are surprisingly similar
for all used models independent from the excitation type when
using sinusoidal voltage excitation. Comparing the dynamic ma-
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Fig. 1. Comparison of dynamic hysteresis loops using sinusoidal exci-
tation of frequency f = 200 Hz using current-driven model version.

jor loops at Bmax = 1.5T only slight differences between in-
dividual models are apparent within the studied magnetic flux
density and frequency range [Figs. 1 and 2]. The calculated
power losses P support the graphical evaluation, where the
deviation of measured power loss is attributed to the lack of
viscosity model extension (see Section II). Larger differences
between models are obtained when comparing symmetrical mi-
nor loops in Figs. 1 and 2; such results are however natural and
expected as each hysteresis model has its own internal mecha-
nism to predict inner loops. It is worthwhile to note that the used
hysteresis models were identified using only the major loop and
were not optimized based on minor loops.

Based on these results, the models are studied subjected to
distorted excitation waveforms that generate complex dynamic
magnetization curves with off-set minor loops. Such curves are
sound candidates to gain further insight of the differences be-
tween the used models. First, the sinusoidal excitation wave-
forms are distorted using harmonics of different order and phase
angle [35]. In addition to the fundamental component of fre-
quency f = 200Hz with phase angle 0◦, a fifth harmonic com-
ponent with phase angle 45◦ is added. The comparison for said
excitation case is shown in Fig. 3 for current- and in Fig. 4
for voltage-driven excitation at Bmax = 1.5T, respectively.
Similarly to symmetric major loops there are no significant
differences between used models for both excitation cases.
Relatively small deviations between magnetization curves ap-
pear in the region of the asymmetric minor loop, whereas bigger
deviations occur using the current-driven excitation.

Valuable insight is gained into the model peculiarities when
using described distorted excitation at lower Bmax . Figs. 5 and 6

Fig. 2. Comparison of dynamic hysteresis loops using sinusoidal exci-
tation of frequency f = 200 Hz using voltage-driven model version.

display the comparison of dynamic loops at Bmax = 1.0T,
where significant differences between predicted magnetization
curves are obtained. The results show that the best prediction
versus measurements is obtained using J-A and TLN models for
both excitation cases [see Figs. 5(b) and 6(b)]. The prediction
of the Z-M model is of similar accuracy in the voltage-driven
case [see Fig. 6(d)], whereas the current-driven version features
deviations, in particular, in the asymmetric minor loop region
[see Fig. 5(d)]. Predicted magnetization curves of the GRUCAD
and Stop models agree equally well with the measurements in
the voltage-driven case [see Fig. 6(a) and (c)]. Bigger deviation
of the GRUCAD model appear at the minor loop [see Fig. 6(a)].
In contrast to this, the latter two models show significant devia-
tions in the current-driven case [see Fig. 5(a) and (c)], where the
almost nonexistent minor loop of the GRUCAD model should
be noted [see Fig. 5(a)]. The same conclusions apply when com-
paring all other evaluated hysteresis models to the reference J-A
model.

In addition, important information is gained comparing the
magnetization curves of individual models in current [see Fig. 5]
and voltage [see Fig. 6] excitation cases. It is natural that the
models predict correctly Bmax = 1.0T in the voltage-driven
case, where H adjusts according to the H(B) relation. In
the current-driven case Bmax depends on the B(H) relation
as H is imposed. It is remarkable that the biggest deviations
between excitation cases are obtained using the GRUCAD
and Stop models. These results suggest that these two models
exhibit limitations and/or are not identified sufficiently accu-
rate in this paper for predicting dynamic magnetization curves
with reversal points at lower Bmax . Observed deviations of the
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Fig. 3. Comparison of dynamic hysteresis loops for distorted harmonic
excitation at Bm ax = 1.5 T using current-driven excitation.

Fig. 4. Comparison of dynamic hysteresis loops for distorted harmonic
excitation at Bm ax = 1.5 T using voltage-driven excitation.

Fig. 5. Comparison of dynamic hysteresis loops for distorted harmonic
excitation at Bm ax = 1.0 T using current-driven excitation.

Fig. 6. Comparison of dynamic hysteresis loops for distorted harmonic
excitation at Bm ax = 1.0 T using voltage-driven excitation.
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Fig. 7. Comparison of dynamic hysteresis loops for PWM-like exci-
tation of frequency f = 50 Hz and Bm ax = 1.5 T using current-driven
excitation.

GRUCAD model show minor hysteresis loops of somewhat
rectangular shape [see Figs. 1(a)–6(a)] which can be assigned to
inaccurate identification of the hysteresis part of the model (see
Section III-B, parameters Hh , λh , and ah ). To achieve better
results, the hysteresis part of the GRUCAD model needs more
complex parameter identification that includes sets of measured
minor loops.

Further insight regarding the deviations of asymmetrical mi-
nor loops and complex magnetizations is obtained by applying
PWM-like excitation voltages (see [22]). In this way, the ap-
plied models are evaluated under rapid changes of the excitation
voltage and current that are typical in magnetic components of
modern PWM-fed machines. The comparisons for such cases
are shown in Figs. 7–10 for Bmax = 1.5T and Bmax = 1.0T,
respectively. The results show that the differences between mod-
els under such excitations increase further in comparison to
smoother excitation waveforms.

When comparing the models under complex magnetizations,
the determination of the best fit between calculated curves and
measurements is very challenging; to evaluate the goodness of
fit, in general, graphical and numerical measures can be used.
The simpler and often more adequate approach is using graph-
ical measures that easily display a wide range of relationships
between magnetization curves of different models. In contrast
to the graphical approach, various numerical measures should
be used with care, as they often compress to much information
into a single number and can quickly become useless or mis-
leading. For example, quantitative metrics such as losses cannot

Fig. 8. Comparison of dynamic hysteresis loops for PWM-like exci-
tation of frequency f = 50 Hz and Bm ax = 1.5 T using voltage-driven
excitation.

Fig. 9. Comparison of dynamic hysteresis loops for PWM-like exci-
tation of frequency f = 50 Hz and Bm ax = 1.0 T using current-driven
excitation.
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Fig. 10. Comparison of dynamic hysteresis loops for PWM-like exci-
tation of frequency f = 50 Hz and Bm ax = 1.0 T using voltage-driven
excitation.

show where the deviation of different magnetization curves is
the biggest, as can be seen from the presented results. Statisti-
cal measures such as the normalized root-mean square (NRMS)
deviation can be more adequate, however, great care is advised.
For example, when considering complex dynamic loops with
many different magnetization curves and minor loops, individ-
ual sections of different curves should be evaluated separately,
which leads to a complex analysis.

In addition to the graphical evaluation of the representation,
the shape of the hysteresis loop by the different hysteresis mod-
els (see Figs. 7–10), numerical measures to evaluate the accuracy
quantitatively are applied. In order to elaborate the goodness of
fit of individual models, the magnetization cycle caused by the
PWM-like excitation is divided into five sections (magnetiza-
tion trajectories) which are separated by the five reversal points,
as shown in Fig. 11. For these individual curve sections, the
NRMS errors are calculated using

ε =

√

√

√

√
1
n

n
∑

t=1

(Δyt)
2 (24)

where two different methods to evaluate the deviation Δyt are
applied. In the current-driven case, the imposed surface H is
identical when using all the models, hence, Δyt is determined
directly from the relative deviation of B by (25)

Δyt =
(Bref − Bcalc)

ΔBref
(25)

where a reference magnetic flux density Bref is compared to
the calculated magnetic field density Bcalc in individual time

Fig. 11. Division of the dynamic hysteresis loop into five sections.

Fig. 12. Calculated NRMS errors ε1 (a) and ε2 (b) of the dynamic
loop sections for PWM-like excitation of frequency f = 50 Hz and
Bm ax = 1.5 T (see Fig. 7) using different hysteresis models under
current-driven excitation.

steps and divided by the range of Bref, i.e., ΔBref = 2Bmax .
For Bref either the measured values [Bref ≡ Bmeas, Figs. 12(a)
and 14(a)] or calculated values using the J-A model
[Bref ≡ BJ−A , Figs. 12(b) and 14(b)] are used instead, where
NRMS deviations ε1 and ε2 are obtained, respectively. The re-
sults for the five different hysteresis models related to the dy-
namical hysteresis loops shown in Figs. 7 and 9 are given in
Figs. 12 and 14. Significant differences are apparent depending
on the considered section.

However, when analyzing the voltage excitation case, the
NRMS deviation calculation using (25) is not adequate. Due to
additional winding (3) B is not imposed, but rather up . Con-
sequently not only predicted H of different models deviates in
individual time steps, but also B. This leads to significantly
different reversal points in the H-B plane when different hys-
teresis models are used, e.g., see Fig. 10. Hence, the distances
between points in the H-B plane at the same time step represent
a more adequate basis to calculate NRMS deviations. Distances
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Fig. 13. Calculated NRMS errors ε3 (a) and ε4 (b) of the dynamic
loop sections for PWM-like excitation of frequency f = 50 Hz and
Bm ax = 1.5 T (see Fig. 8) using different hysteresis models under
voltage-driven excitation.

Fig. 14. Calculated NRMS errors ε1 (a) and ε2 (b) of the dynamic
loop sections for PWM-like excitation of frequency f = 50 Hz and
Bm ax = 1.0 T (see Fig. 9) using different hysteresis models under
current-driven excitation.

at the individual time steps are calculated by

Δyt =

√

(

Bref − Bcalc

ΔBref

)2

+
(

Href − Hcalc

ΔHref

)2

(26)

where ΔHref is the range of Href, i.e., ΔHref = 2Hmax .
Similar to the current-driven case, also in this case two differ-

ent references are used, either measured (Bref ≡ Bmeas) or cal-
culated values using the reference J-A model (Bref ≡ BJ−A ),
yielding ε3 and ε4 , respectively. The results for the five differ-
ent hysteresis models related to the dynamical hysteresis loops
shown in Figs. 8 and 10 are given in Figs. 13 and 15.

Using graphical evaluation in Figs. 7–10, it could be argued
that the best overall fit (taking into account both excitation cases)
versus measurements is obtained by using the Z-M hysteresis

Fig. 15. Calculated NRMS errors ε3 (a) and ε4 (b) of the dynamic
loop sections for PWM-like excitation of frequency f = 50 Hz and
Bm ax = 1.0 T (see Fig. 10) using different hysteresis models under
voltage-driven excitation.

model, despite the fact that this model is not identified directly
from the measured static loop. This conclusion is supported by
the calculated NRMS deviations, where the Z-M outperforms
other models in most sections, in particular at lower Bmax [see
Figs. 14(a)–15(a)]. From results in Fig. 13(a), it could be ar-
gued that the Z-M is not as accurate as the other models at
Bmax = 1.5T in the voltage-driven case. However, as noted
before, at higher Bmax the models perform very similar and
NRMS deviations between them are mostly lower than 1%.
The results show that the only weak section of the Z-M model is
section V which becomes visible also using graphical measures.

Furthermore, when comparing all other models to the ref-
erence J-A model, the best overall fit represents the TLN
model. This can be concluded using graphical measures (see
Figs. 7–10) and is supported by the calculated NRMS devia-
tions [see Figs. 12(b)–15(b)]. The same conclusions were also
drawn from the analysis using pure and distorted sinusoidal exci-
tations [see Figs. 1(b)–6(b)]. Consequently, it can be concluded
that this model internal mechanisms are surprisingly similar to
the J-A model. The largest drawback of the TLN model is, how-
ever, section II (when the ascending branch is approaching the
Bmax ), where almost all other models predict better results. The
results of the Stop and Z-M are also comparable, where each
has its advantages or drawbacks in different sections. The dif-
ference of the off-set minor loops predicted by the Stop model
in the current- and voltage-driven cases that was observed using
distorted sinusoidal excitation [see Figs. 3(c)–6(c)], is observed
also in Figs. 9(c) and 10(c).

The worst results versus measurements and the reference
J-A model are obtained using the GRUCAD model. This model
performs decent when the magnetization curve follows outer
curves of the dynamic hysteresis. In contrast to this, the PWM
excitation case supports the previous conclusions that the minor
loops are far off. These loops are determined from the hysteresis
part of the model (see Section III-B), where poor results shows
inadequate identification of these parameters. Consequently, it
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can be concluded that the identification procedure of the GRU-
CAD model parameters is more challenging compared to the J-A
model. For a more adequate identification not only measured
major loops are sufficient, but also minor loops are needed.

Looking closer at the individual curve sections, some other
limitations of individual models are observed: using the J-A,
TLN, and partly Z-M models, the minor loops are not closed
correctly [see Figs. 9(b), (d) and 10(b), (d) and]. In order to avoid
nonclosure of minor loops due to too high magnetization rates
in J-A, [36] proposed a semiphysical methodology that limits
the variation rate by modifying the k and c parameter (4) of the
model. However, this approach leads to additional parameter
identification work based on extensive measurements.

Another numerical aspect to evaluate is the computational
performance of the approach when different hysteresis models
are applied. In general, it is very hard to determine objective
computation times as they depend on many variables and de-
viate significantly under different conditions. Hence, the exact
computational efforts are not studied in this paper.

In general, the TLN model outperformed all other models
due to its simplicity. The J-A model follows in this respect.
The GRUCAD model is close to the J-A model with its results,
where the computation times, when these two models are ap-
plied, amounted for approximately two times compared to the
TLN model. When the Z-M model is applied the computational
performance is significantly decreased when compared to the
ODE hysteresis models due to its algebraic structure. The worst
performance is obtained when the Stop model is applied. The
computation times are significantly longer when compared to
the Z-M model when a high number of hysterons Nh is used,
which is needed for the accurate representation of the static
hysteresis. When Nh is lower, the computational performance
is increased. However the accuracy in the saturation and mi-
nor loop regions significantly decreased. In this paper Nh = 60
hysterons are used.

VI. CONCLUSION

This paper has compared and analyzed several of the widely
used hysteresis models coupled to the PMD model under sinu-
soidal and arbitrary magnetization waveforms. The importance
of considering nonlinear, hysteretic properties when calculating
dynamic variables and power loss inside NO SMSSs with
nonuniform magnetic fields is pointed out.

The models were directly compared in terms of identifica-
tion procedure facilities, accuracy, numerical implementation
and computational effort, where the J-A model is used as a
reference. In this way, the influence of the identification proce-
dure is eliminated.

The application of the coupled approach (lamination model
plus static hysteresis model) to arbitrary excitation cases pro-
vides detailed insight and a thorough analysis of the discussed
hysteresis models. Their ability to predict the dynamic hystere-
sis loop shape, electromagnetic variables and power loss com-
ponents under distorted excitation waveforms was examined.
Different NRMS errors were evaluated in combination with a
thorough graphical analysis.

The presented analysis enables an application-specific se-
lection of the hysteresis model taking account of the actual
operation conditions of the electromagnetic energy transducers.
Therefore, error-prone and limited engineering approaches com-
monly used for iron-loss calculation based on a huge amount
of measured data can be replaced by the PMD model coupled
to the most-suited hysteresis model for considered operation
conditions. As a result not only the hysteresis loop shape and
magnetization dynamics can be calculated but also the parame-
ter identification effort is reduced to one quasi-static measure-
ment (major hysteresis loop) and the usage of material specific
data such as specific electrical conductivity and geometrical data
(thickness, ...). Additional measured data allows one to fine tune
the hysteresis models.

However, it is apparent that history-independent hysteresis
models reach some limitations under strongly distorted excita-
tions such as the PWM-like ones. As the individual models ex-
hibit different limitations to adequately reproduce static hystere-
sis, the discussed models will be analyzed in the next study when
individual models are identified directly from measurements.

The extension to materials with a coarse domain structure, i.e.,
grain-oriented materials, is possible by introducing a magnetic
viscosity to account for the effect of microscopic eddy currents
on the movement of domain walls [17].
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