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1-D Lamination Models for Calculating the Magnetization
Dynamics in Non-Oriented Soft Magnetic Steel Sheets

M. Petrun,1 S. Steentjes,2 K. Hameyer,2 and D. Dolinar1

1Institute of Power Engineering, University of Maribor, Maribor SI-2000, Slovenia
2Institute of Electrical Machines, RWTH Aachen University, Aachen D-52062, Germany

This paper presents 1-D dynamic magnetization models of non-oriented soft magnetic steel sheets that can be expressed as
simple systems of ordinary differential equations. The discussed models take into account the dynamic effects on magnetization
due to eddy currents and hysteresis inside such sheets and differ in the way the coupled Maxwell equations with hysteresis are
solved. The presented modeling approaches include finite-difference schemes of different accuracies, various magnetic equivalent
circuits (MECs), including a recent approach to eliminate the deficiencies of classical MECs, and a mesh-free approach. The different
modeling approaches are analyzed and compared in terms of mathematical structure, implementation work, spatial discretization,
and accuracy, where both voltage- and current-driven versions are investigated.

Index Terms— Dynamic modeling, eddy currents, finite differences (FDs), flux tube, magnetic hysteresis, mesh-free (MF)
eddy-current model.

I. INTRODUCTION

THE dynamic behavior of ferromagnetic cores operating
under distorted flux waveforms is the result of several

intertwined phenomena: 1) eddy currents, 2) skin effect,
3) saturation, and 4) hysteresis. The substantial interaction
between hysteresis and eddy currents cannot be solved with-
out a strongly coupled model. The quantitative description
of the magnetization process in a thin long sheet when
neglecting edge effects is reduced to the integration of a
1-D penetration equation that links the magnitudes of the
magnetic field strength H , the magnetic flux density B ,
and the electric field strength E within a material with
specific electrical conductivity σ and a non-linear, hysteretic
relation B(H ).

First, numerical solutions to the penetration equation
were obtained using the finite-difference (FD) method using
compact or non-compact stencils [1]–[3]. Then, the finite-
element (FE) method allowed for considering the distributive
nature of the time derivative over some spatial domain [3]–[5].
The analysis in [3] revealed that it is unnecessary to use the
FE method in the case of the simple boundary conditions of a
thin sheet. FD schemes with time derivatives distributed over
three and five neighboring nodes can be deduced, comparing
well to the FE schemes using quadratic and cubic interpolation
functions, respectively [2].

In addition, magnetic equivalent circuit (MEC) approaches
were proposed, which are based on the definitions of electric
and magnetic flux tubes, for building a network to com-
pute electrical (resistance) and magnetic (reluctance) lumped
parameters [4]. Similarly, the magnetic field and eddy-current
distributions inside a lamination can be solved using the
parametric magneto-dynamic model (PMD) [8], [9], where the
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diffusion phenomena are effectively solved based on a simple
matrix differential equation.

As an alternative, simplifying mesh-free (MF) approaches
like the ones in [6] and [7] were also proposed, which approx-
imate the magnetic flux density distribution in the lamination
depth by a set of orthogonal basis functions, allowing an
efficient coupling to FE simulations.

The discussed 1-D soft magnetic steel sheet (SMSS) models
differ in the ways the coupled problems are solved. However,
all the discussed models can be expressed as simple systems
of ordinary differential equations (ODEs) and are coupled to
a static hysteresis model, e.g., the Jiles–Atherton model [10].
In this paper, the coupled models are finally compared in terms
of mathematical structure, implementation, computational per-
formance, accuracy, and spatial discretization, where both the
voltage- and current-driven versions are evaluated.

II. THEORETICAL BACKGROUND

Measured quantities in Epstein frames or single-sheet testers
are the currents and fluxes related to the magnetic field at
the surface of the lamination and the average magnetic flux
density across the lamination thickness. Symmetries of the
measurement tools and the geometry of the sample facilitate
working with a 1-D formulation of the problem

σ
∂ B

∂ t
= ∂2 H

∂z2 . (1)

Considering a lamination of thickness d with an upper
surface normal vector n = (0, 0, 1), the domain of analysis is
a line parallel to n, across half the thickness [0, d/2]. Various
methods for solving the coupled problem are briefly explained
in Sections II-A–D, where the constitutive relationship B(H )
is realized through a static hysteresis model.

A. Finite-Differences Modeling Approach

The simplest FD-scheme for solving (1) is a second-order
scheme based on central difference approximation [1]–[3],
linking the magnetic fields and flux densities of the internal
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nodes of the FD-grid along the line

dBi

dt
= Hi−1 − 2Hi + Hi+1

σh2 . (2)

Here Hi(t) = H (zi, t) and Bi(t) = B(zi, t) are the
sought grid functions corresponding to the node i , where
h = d/(2(N − 1)) is the grid spacing related to N uniformly
distributed nodes [2]. Using the semi-discrete form of (2)
reduces the boundary value problem (BVP) for the magnetic
circuit to an initial value problem for ODEs [2], being further
on compatible with the ODEs of an external electrical circuit.
Based on (2) with the prescribed Neumann BVP, the
voltage-driven second-order FD-scheme (3) is obtained

dB1

dt
= 8H2 − 7H1 − H3

2σh2 + 3(N − 1)

np AFe
uind(t) (3a)

dBi

dt
= Hi−1 − 2Hi + Hi+1

σh2 ∀i = 2, . . . , N − 1 (3b)

dBN

dt
= 2(HN−1 − HN)

σh2 (3c)

where the induced magnetization voltage uind or the
space-averaged magnetic flux density Ba is a prescribed func-
tion of time, np is the number of turns of the excitation
winding, and AFe is the cross section of the SMSS. In the
current-driven version, i.e., when the magnetization current
ip(t) is a given function of time, a Dirichlet BVP is obtained
and the magnetic field strength H1 at the surface of the sheet
is impressed, thus omitting (3a). These second-order schemes
are called voltage- or current-driven FD-h2 in the following.

In addition, FD schemes with accuracy O(h4)
(called FD-h4) that have distributed time derivatives over
three nodes are applied. FD-h4 schemes are obtained starting
from the Taylor expansion of the magnetic field Hi±1 using
centered differences to eliminate the fourth derivative [3]

97

30

dB1

dt
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dB2

dt
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dB3

dt
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dB4

dt

= 12
H2 − H1

σh2 + 12(N − 1)

n1 AFe
uind(t) (4a)

dBi−1

dt
+ 10

dBi

dt
+ dBi+1

dt
= 12(Hi−1 − 2Hi + Hi+1)

σh2 (4b)

dBN−1

dt
+ 5

dBN

dt
= 12

(HN−1 − HN)

σh2 . (4c)

B. Mesh-Free Modeling Approach

An MF model is proposed in [6] and [7] to reduce the
number of unknowns and speed up simulation times in com-
parison with the FE-solution [4]–[7]. Using this approach,
the magnetic flux density distribution is approximated by (5)
using a truncated Fourier cosine series with Nb terms [7].
Similarly, the magnetic field strength is approximated by (6),
where Hs(t) is the field strength at the surface of the lami-
nation, and function βn(z) is defined to fulfill βn(±d/2) = 0
and αn(z) = −d2∂2βn(z)/∂z2 [7]

B(z, t) =
Nb−1∑

n=0

Bn(t)αn(z); αn(z) = cos
(

2nπ
z

d

)
(5)

Happr(z, t) = Hs (t) − σd2
Nb−1∑

n=0

∂ Bn (t)

∂ t
βn (z). (6)

Weakly satisfying the approximation error between Happr(z, t)
and the actual field strength H (z, t) yields the following
equation system for the magnetic field strength at the surface:

⎡

⎢⎣
Hs(t)

0
...

⎤

⎥⎦ = 1

d

∫ d/2

−d/2
H(z, t)

⎡

⎢⎣
α0(z)
α1(z)

...

⎤

⎥⎦ dz

+ σd2C
∂

∂ t

⎡

⎢⎣
B0(t)
B1(t)

...

⎤

⎥⎦. (7)

The elements of matrix C are found integrating over the
lamination thickness [7]. Space integration in (7) can be
performed analytically since cosine basis functions are used.

C. Magnetic Equivalent Circuits

The basic model structure forming the backbone for
MEC-based models uses the concept of a flux tube, being
defined as a tube in which the magnetic fields are invariant
in space. Based on the geometries of N flux tubes that
discretize the SMSS, a network can be built [4]. Two MECs
can be obtained depending on the assumption of possible eddy-
current paths. Traditionally, the eddy current ien is assumed to
flow at the inner borders of the flux tube n. This results in
a network called MECN−1 that can be expressed using (8),
shown below, where i = [1, N], lm is magnetic path length,
a is the width of the SMSS, and Ge is the electrical conduc-
tivity of the flux tubes

Hi(Bi)lm = npip +
i−1∑

n=1

ien (8a)

ien = −Ge

N∑

k=n+1

d�k

dt
= σdlm

2a

N∑

k=n+1

AFek
dBk

dt
. (8b)

A slightly different network can be obtained by assuming
that the eddy currents are concentrated on the outer borders of
flux tubes, here called MECN. In this case, the eddy currents
in (8a) are summed up from n = 1 to n = i , whereas the
magnetic flux variations in (8b) are summed up from k = n
to k = N due to the fact that one additional eddy-current path
is included. However, it is worthwhile to note that both the
MEC models represent only a rough approximation, as con-
centrated eddy currents are assumed. This oversimplification
is troublesome, especially when low number of flux tubes N
is used.

D. Parametric Magneto-Dynamic Model

The PMD model is in contrast to the MEC models based on
the average values of the magnetic variables inside the indi-
vidual slices (flux tubes) of the SMSS. The advantage of the
PMD model is that it takes into account the distribution of the
induced eddy currents inside all the slices and their influence
on the excitation of magnetic field inside the SMSS [8], [9].
The PMD is expressed by (9), where � represents a vector of
the magneto-motive forces generated by the applied current
ip in the excitation winding, H̄(�̄) is a vector of average
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magnetic field strengths as the hysteretic functions of the
average magnetic fluxes in the slices, and N is a vector with
the number of turns np of the excitation winding [8], [9]

� = Nip = H̄(�̄)lm + Lm
d�̄

dt
. (9)

The matrix of magnetic inductance Lm depends only on the
geometric, material properties and on the discretization of the
observed SMSS, i.e., the number of slices N .

III. RESULTS

Discussed models were implemented, evaluated, and com-
pared using the software package MATLAB/Simulink. Non-
linear properties related to the local magnetic field strength Hi
and magnetic flux densities Bi were taken into account
using the inverse ODE Jiles–Atherton hysteresis model [10].
Keeping the mixed form of proposed models, instead of using
the differential magnetic permeability, the obtained systems of
ODEs can be directly integrated using the backward differen-
tiation formula or Gear’s method.

The obtained stiff ODE systems were solved using an
implicit Runge–Kutta formula with a first stage that is a
trapezoidal rule step and a second stage that is a backward
differentiation formula of order two (ode23tb). Model results
were validated using measured voltages and currents as model
inputs. The PMD model was used as a reference since it was
validated for the studied M400-50A NO steel in [8] and [9].

During the first evaluation step, the influence of the
discretization of the discussed models was analyzed. A
brief summary of the extensive numerical simulations is
shown in Fig. 1, where the predicted dynamic loops for
maximum flux densities of Bmax = 1.4 T at frequency
f = 1000 Hz for all discussed models were compared
for sparse discretization [N = 5; see row (a) in Fig. 1]
and denser discretization [N = 20; see row (b) in Fig. 1].
MEC and FD models were significantly more sensitive to
discretization as opposed to the MF and PMD models.
Both the MEC-based models failed to correctly predict the
dynamic loops at sparse discretization [see column (1) in
Fig. 1]. MECN−1 predicted loops that are too narrow, which
is logical as the eddy-current in the outer flux tube was
neglected. MECN predicted loops are too wide; hence, the
eddy current in the first flux tube flowed only on the surface
of the SMSS. Both the observed deficiencies were a direct
consequence of too-simplistic assumptions when solving the
discussed penetration equation. The error caused by the sim-
plification can be reduced by increasing the density of the
discretization, as shown in Fig. 1(b). The deficiencies of the
MEC-based models can be eliminated using the PMD model,
where the distribution of eddy currents inside individual flux
tubes is also taken into account. The obtained results show
that, consequently, the PMD model is much more independent
of discretization and gives the correct results at much sparser
discretization, where the minimum discretization density is
correlated with the penetration depth. MEC models converged
to the prediction of the PMD model when the discretization
density was increased.

Fig. 1. Dynamic loops for maximum flux densities of 1.4 T at frequency
f = 1000 Hz for sparse discretization [N = 5, row (a)] and denser
discretization [N = 20, row (b)].

Similar results were obtained for both the FD models
[see column (2) in Fig. 1]. When the used discretization
density was too small, both the FD models predicted too
narrow dynamic loops. The predictions of the FD models
also converged to the predictions of the PMD model when
increasing the density of discretization, where the convergence
was a little faster compared with the MEC models. It was
discovered that a minimum of three nodes per penetration
depth should be used in the FD models to obtain satisfactory
results. In contrast to the MEC and FD models, the predictions
of the MF model agreed very well with the PMD model
regardless of discretization, where the minimum discretization
when applying the cosine transforms to the MF model was
also correlated with the skin depth [see column (3) in Fig. 1].

The performed numerical analysis showed that when using
high discretization densities (N → ∞), all the discussed
models converged to the same result. In order to support the
presented findings, the PMD model at high discretization den-
sity (N = 40) was chosen as the reference model, where the
root mean square (RMS) deviations of other model’s dynamic
loops were analyzed at different discretization densities. The
obtained results for maximum flux densities Bmax = 0.9 T and
Bmax = 1.4 T are shown in Fig. 2(a) and (b), respectively.
The results support the severe influence of discretization on
the MEC and FD-based models. In contrast to this, both
the MF and PMD model predictions changed only slightly;
when increasing the discretization density 20 times, the RMS
deviation was <1%.

Last, all models were analyzed in terms of computational
performance. Following the MATLAB recommendations for
evaluating the computational performance, three characteris-
tic parameters were evaluated: 1) computation time tc [s];
2) number of computed time steps nts; and 3) average
time to compute one time step tc,a [ms]. The results for
both voltage- and current-driven versions for maximum flux
densities of Bmax = 1.4 T at frequency f = 1000 Hz
are collected in Fig. 3, where the first column corresponds
to the voltage-driven versions and the second column to
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Fig. 2. RMS deviations of other models’ dynamic loops at different
discretization densities for maximum flux densities. (a) Bmax = 0.9 T.
(b) Bmax = 1.4 T.

Fig. 3. Computation time tc [s], number of computed time steps nts, and
average time to compute one time step tc,a [ms] for voltage- [column (1)] and
current-driven [column (2)] simulations at Bmax = 1.4 T.

the current-driven versions. It is worthwhile noting that the
voltage-driven version of the MECN−1 model could not be
implemented. In general, the simpler models (FD and MEC
models, which have sparse system matrices) required less
computational effort. However, the current-driven MECN−1
and FD model versions required the use of a direct hys-
teresis model for the surface node/flux tube, which increases
the computation times. This is significant, especially at low
discretization densities. In contrast to this, the MF and
PMD models have much harder coupling between individual
regions in the SMSS (hence, denser system matrices) and,
thus, required a little more computational effort for the
same discretization. The highest computational effort for the
same discretization was needed when using the MF model
due to the additional cosine transformations. However, when
observing the computational performances at the same accu-
racy, the PMD and MF models outperformed the MEC and FD
models by a wide margin due to the high discretization density

needed by the latter models. Furthermore, when comparing
the PMD and MF models, the PMD model outperformed the
MF model due to additional cosine transformations that were
performed in the MF model.

IV. CONCLUSION

In this paper, different 1-D models of SMSSs were analyzed
in terms of mathematical structure, implementation work, spa-
tial discretization, accuracy, and computational performance.
The obtained results show that the predictions of all the
models converged to the same result when the discretization
density was increased, where the MF and PMD models stood
out in terms of the minimum required discretization density.
It is worthwhile noting that in contrast to all other discussed
models, both the MF and PMD models can be used for
one flux tube/term, where both the models give the classical
low-frequency eddy-current approximation. The MF and PMD
models are also effortless to implement and flexible, as both
the current- and voltage-driven versions can be expressed as
simple ODE systems. In terms of computational performance,
the PMD model outperforms all the other models.
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