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Static Electromagnetic Field Computation by Conformal Mapping in
Permanent Magnet Synchronous Machines

Martin Hafner, David Franck, and Kay Hameyer

Institute of Electrical Machines, RWTH Aachen University, Schinkelstraße 4, D-52062 Aachen, Germany

In modern servo drives or electrical drives for positioning, torque pulsation, tangential forces and ripple torque are undesirable effects.
These parasitic effects are due to the presence of higher time and space harmonics in the air gap flux density. This paper presents a
time-effective method to compute the radial and tangential field components under load and no-load condition by conformal mapping in
the frequency domain. The proposed method is applied to a surface mounted permanent magnet synchronous machine, and compared to
numeric results obtained by nonlinear FEA. The analytical results obtained by the conformal mapping are shown to be in good agreement
to the finite element simulations.
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I. INTRODUCTION

T HE design of electrical machines is routinely done by
means of virtual prototyping nowadays in order to reduce

costs and shorten the time-to-market. Besides FEA, which is
computationally expensive, analytical models are also used to
obtain a quick first approximation of the machine’s behavior.
Conventional analytical models usually focus on the determi-
nation of the fundamental air gap flux density. Consequently,
the effect of air gap field harmonics on the main machine char-
acteristics, like EMF, cogging-torque and load-torque, as well
as the impact of geometry variations on those quantities are ne-
glected. In this paper, an analytic conformal mapping method in
frequency domain for permanent magnet synchronous machines
(PMSM) is applied. This alternative method considers the occur-
ring air gap field harmonics for torque and EMF computation.
Although this method assumes the magnetic permeability of all
magnetic materials in infinite, the comparison with standard non-
linear FEA shows that it nevertheless gives a good approximation
of the air gap flux density spectrum and all derived quantities.

II. COMPUTATIONAL FRAMEWORK

A. Rotor Field Distribution in the Slotless Stator

The analytical technique for computing the 2D magnetic
field distribution in the air gap of radial-magnetized permanent
magnet rotors at no-load has been described in [1]. The derived
parametric field solution is applicable for both internal and
external rotors. In further researches, the approach has been
generalized to radial and parallel magnetizations, [2]. Recently,
[3] published a further extension to radial sine and sinusoidal
direction magnetizations. In case of a slotless stator, the radial
flux density and the tangential flux density can
be expressed in terms of a Fourier Series

(1)
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where n is the frequency order, p the number of pole pairs, the
mechanical angle. In this representation of the air gap field, the
Fourier coefficients and are the solution of a linear
Laplace problem with magnets and a slotless stator.

B. Rotor Field Distribution in the Slotted Stator

Stator slotting significantly influences the magnetic field dis-
tribution as follows:

1) The different radial magnetic permeances of teeth and slots
affect the local distribution of the flux in the air gap. A flux
concentration beneath the teeth can be observed;

2) A peak of the flux density is also observed at the PM ver-
tices in the air gap;

3) Slotting mixes up radial and tangential components.
A standard method for modeling these effects is known as
“permeance functions” in literature. In that of [4], only the
impact of effect 1) on the radial flux density component is com-
puted. The recent publications [5], [6] derive by four complex
conformal mappings, including a Schwarz-Christoffel transfor-
mation, a permeance function which takes the effects 1)–3) into
account. Assuming a magnetic core with infinite permeability,
this ansatz has shown to yield identical flux density results
in comparison to FE simulation applying Neumann boundary
conditions.

For that approach, the conformal transformations are used
to transform slotted stator geometry into a slottless stator, for
which the Laplace equation governing the air gap field can be
solved analytically. By this, the impact of slotting on the field
distribution keeps considered. Correlating the field distribution
with slotting, , to the field without slotting (1) yields the com-
plex permeance

(2)

which describes the individual characteristic of the slotting on
the field.

Even if the Laplace equation can be solved analytically,
the combined governing equations can not be solved directly.
Therefore the position-dependent complex permeance is eval-
uated numerically by means of a nonlinear iterative solution.
At each point of an equidistant sampled arc in the air gap with
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the length of one slot pitch, the complex permeance number,
that fulfills (2), writes

(3)

where and represent the permeance variations in radial
and tangential direction. The sampled permeance can be ex-
pressed by a Fourier-Series and extended to the whole air gap,
yielding

(4)

where is the number of stator teeth and the sampling rate,
depending on the largest frequency occurring in the system.

C. Armature Winding Field

The magnetic field distribution due to a current in a single
slot, assuming a infinite slot depth and a infinite permeability in
a slotless stator, can be obtained by three successive conformal
mappings [7]. Since coils occupy two slots with opposite di-
rected currents, a flux density distribution for the whole air
gap per coil can be assembled in functions of the coil current
and the number coil turns as

(5)

where denotes the maximal frequency order and the radial
and tangential quantities and the Fourier coeffi-
cients of the coil computed for one ampere. According to the
winding schema of the PMSM a flux distribution for all
phases can be found by adding shifted copies of (5). In case of a
symmetric current load (UVW) , the allover armature field
is given by

(6)

where the angle defines the relative phase orientation to the
quadrature axis of the machine.

D. Field Distribution in the Slotted Air Gap

The magnetic air gap field in case of stator slotting can be
assumed to be the superposition of the field component fields
due to the permanent magnets and all stator currents.

Introducing a time-discretization

(7)

where is the mechanical rotor speed and the number of
computation steps per electric period, a certain instance of time

can be addressed with the step index as

(8)

Fig. 1. Application Data. (a) Cross section of PMSM. (b) BH characteristic of
steel lamination.

Adding rotor movement in the sense of (8) to (2), the rotor flux
distribution is

(9)

The argument of the function denotes a notation in fre-
quency domain. The corresponding time-depend armature field
is frequency-shifted by the stator frequency , yielding

(10)

The frequency shifting in (9) and (10) by the rotor frequency,
not the rotor position, is optional and is given here for the sake
of completeness.

E. Torque Computation by Maxwell Stress Theory

The theory of electromagnetic forces states, that the resulting
force on a rigid compound placed in a magnetic field is given by
the integral of the magnetic stress tensor over the closed body
surface. For PM motors, the stress is evaluated on a cylindrical
surface placed in the middle of the machine’s air gap. For torque
computation, only the tangential stress component is of signifi-
cance, so that the integral form of the torque is

(11)

where is the stack length, the radius of the cylindrical surface
and , the position dependent radial and tangential air gap
flux densities on the cylinder. Substituting (9), (10) yields

(12)

where denotes the constant component of the convolution.
A detailed discussion of different methodologies for analytic
torque computation can be found in [8], [9].

III. APPLICATION

To demonstrate the proposed method, a PMSM is investigated
with a nonlinear two dimensional transient FE solver, and with
the conformal mapping (CM) approach. The cross-section of the
motor is pictured in Fig. 1(a), all parameters of the dimension
and the electromagnetic evaluation are in listed in Table I. Both
methods (FEA, CM) are carried out with 60 steps per period

, which leads to a time step of . The nonlinearity
of the laminated steel characteristic is taken into account in case
of FEA by the BH curve sketched in Fig. 1(b).
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TABLE I
PARAMETERS FOR SIZING AND ELECTROMAGNETIC EVALUATION

A. No Load Simulation

Conformal mapping technique implies an infinite steel per-
meability. Therefore, only the slot opening width i.e. the dis-
tance, measured between tooth tips, contributes to the field char-
acteristic. To analyze the impact of tooth tip saturation, which
occurs even in no load operation, the comparison of CM and
FEA is carried out for the dimensions of Table I and two vari-
ations, where the slots are almost opened
and closed . Fig. 2 shows the comparison of
the radial and tangential flux density distribution in the air gap
over a pole pitch, by FEA and CM. Since first order finite ele-
ments have a constant flux density, numerical noise appears in
the distribution calculated by the FEA. In all cases, FEA and
CM graphs have the same shape and are located closely to each
other. The effect of tip saturation on the radial component
increases by decreasing the slot opening width and leads to max-
imal relative error of about 2% . This also side
effects the tangential component , where local deviations be-
tween both curves can be found beside the slot openings at 110
and 130 .

The back EMF is derived from the no load phase flux linkage
of PM motors according the Faraday’s law

(13)

In case of CM the flux linkage is equal to the integral of the
radial air gap flux density over a coil pitch, defined by the posi-
tions and , yielding

(14)

where are the number of turns per phase. Fig. 3(a) compares
the flux obtained by FEA and CM in function of the rotor posi-
tion for the original drive. An overview of the absolute error
within each time step for all design variation is sketched in
Fig. 3(b), showing low deviations in all cases.

The cogging torque is very sensitive to the slot opening and
the steel properties. The torque computation by (12) is carried

Fig. 2. Comparison of radial and tangential flux density distribution in the air
gap over PMSM pole pitch by FEA and conf. mapping (CM) in no load opera-
tion for different slot opening width. (a) � for � � ��� ��. (b) � for
� � ��� ��. (c) � for � � ��� ��. (d) � for � � ��� ��.
(e) � for � � ��� ��. (f) � for � � ��� ��.

Fig. 3. Comparison of phase flux linkage obtained by FEA and CM in no load
operation. (a) Flux linkage for machine design with � � ��� ��. (b) Ab-
solute deviation of flux linkage for all design candidates.

out for all variation in Fig. 4. Due to the symmetry of the ma-
chine, given in Table I, the torque results are presented over an
electrical angle of 60 . For Fig. 4(a) and (c), the curves pro-
gressions are located closely to each other, whereas b) shows
that CM does not cover the attenuated damping effects of nearly
closed slots and therefore overestimates the occurring forces.
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Fig. 4. Comparison of cogging torque obtained by FEA and CM. (a) Torque
for machine design with � � ��� ��. (b) Torque for machine design with
� � ��� ��. (c) Torque for machine design with � � ��� ��.

Fig. 5. Comparison of load and overload torque obtained by FEA and
CM (Time Domain). (a) Torque for � � ��	��� 
. (b) Torque for
� � ���	��� 
.

Fig. 6. Comparison of load and overload torque obtained by FEA and CM
(frequency domain). (a) Torque for � � ��	��� 
. (b) Torque for � �
���	��� 
.

B. Load Simulation

The presented approach is also capable of computing the air
gap flux density distribution under arbitrary, even unsymmet-
rical, load situation, compare (5). The load simulation is per-
formed for a rated current density of about 6 and an
overload operation of 11 . In both cases the current
phasor is aligned with the quadrature axis. The torque diagrams
in function of the rotor angle are given in Fig. 5. It can be seen
that the torque obtained analytically is close to the results of
FEA for . For , the shape of
the curves are similar but the magnitude do not match. A com-
parison of the occurring torque harmonics for both load situa-
tions is given in Fig. 6. The scale on the right hand side shows
the absolute torque deviation between the values for each fre-
quency order. For rated operation the harmonics of CM are well

matching with those of FEA, with a difference in the constant
torque component of 0.2 Nm.

C. Computational Effort

The conformal ansatz functions for rotor and stator flux den-
sity are machine characteristics, which depend only on its di-
mension and can be computed within a few seconds. Once com-
puted, each feasible operation point is evaluated by a convo-
lution in frequency domain, compare (12) and (14). Even if a
transient 2D FEA of an operation point lasts a few minutes, the
presented approach has nearly real time capabilities.

IV. CONCLUSION

Electromagnetic field computations are ubiquitous in elec-
trical machine design. Even if the finite-element method yields
very accurate results, its high computational effort inhibits an
application in early design stages or multi-object optimizations
of electrical drives. In that case, it is worth seeking for approx-
imative and time-saving alternatives. In this paper, the air gap
field of a PMSM under load and no-load has been computed by
conformal mapping in frequency domain in order to evaluate
flux linkage, EMF and torque. The results are compared to data
obtained by nonlinear 2D FEA, to validate the proposed method
and to identify inherent weaknesses, which follow from the mis-
representation of the magnetic permeability of iron cores. For
the considered application examples, the analyzed quantities are
in good agreement with FEA. A variation of the tooth’s width
shows a significant overestimation of the cogging torque for
nearly closed slots. The knowledge of the air gap flux density
distributions is the starting point for electromagnetic structure
dynamic or acoustic computation. In the present state, the con-
formal mapping does not consider a saturation term, which pre-
vents an application to drives in deep saturation. Further inves-
tigations are necessary to clarify the impact on the torque and
flux computation.
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