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Abstract—The field and coupled field—circuit models of
electrical machines are presented. The field model consists
of: (a) finite element (FE) equations for the magnetic field,
(b) equations describing eddy-currents and (c¢) equations,
which describe the currents in the machine’s windings.
Moreover the FE equations are coupled by the
electromagnetic torque to the differential equations of
motion. In the presented field-circuit model the flux linkages
with the windings are expressed by two components. One
component with inductances and the other described by
edge or nodal values of the magnetic potential. The FE
equations are derived by using the notation of circuit theory.
The approach to consider the differential equation of motion
in the simulation is discussed in the paper.

Keywords—electrical machines, finite element method,
magnetic field, eddy currents, field-circuit coupling.

1. INTRODUCTION

Since several years now, numerical methods to simulate
the electromagnetic field are applied in the analysis and
synthesis of electrical machines. The classical equivalent
circuit methods are supported by additional procedures of
field analysis. As a result we obtain the so called field-
circuit model [31, 33]. The machine parameters and
characteristics can be calculated on the basis of field
formulation with omission of circuit equations. This
description is treated as in fully field.

In the paper we try to systemize the applied models of
electrical machines and actuators. We will consider the
electrical machine models which are used to describe the
electromagnetic phenomena and characteristics for the
steady states and transients operation of the device.

It seems that the most distinctive feature of the
discussed models is the method of flux linkage calcu-
lation. In the typical approaches the flux linkage with the
winding is determined by inductances. The inductances
represent coefficients or functions that express
dependence between the flux linkages with windings or
parts of it and the field exciting winding currents. For
example, the dependence between the flux associated with
the end of the ¢"™ winding and the current in the p™
winding expresses mutual inductance of the winding ends.

The models, described by the systems of ordinary
differential equations with inductances, will be considered
as the circuit models. In the field models winding
inductances do not exist. Flux linkages and
electromagnetic torques and forces are calculated using
field quantities, e.g. the magnetic vector potential. The
field equations are then coupled to the equations that
describe the winding connections and contain terms
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defined by field quantities and lumped parameters [1, 10,
24]. The models of this type can be considered as the
field-circuit [7, 8, 21, 28].

In the paper particular attention is paid to the field and
field-circuit models of typical electromechanical
converters (electrical machines and actuators). Therefore,
it is assumed that the winding voltages and speed are the
input quantities. However, winding currents and
electromagnetic torque are the output quantities.

The field models of electrical machine consist of the
following equations: (a) finite element equations of
magnetic field; (b) finite element equations that describe
eddy currents distribution, (c) equations that describe
currents in the winding. Moreover the field and circuit
equations are coupled via the electromagnetic torque or
force to the equation of motion.

Most often, field models are formed using magnetic and
electric potentials. Therefore the FE equations (a) describe
magnetic field in terms of magnetic scalar potential Q or
magnetic vector potential 4. Moreover, equations (b)
express eddy currents by electric scalar potential V' or
electric vector potential 7. Equations (c) are related to the
loops of multiply connected conductors. In the notation of
field theory these equations describe magnetic vector
potential T, [2]. Edge values of T, represent loop currents
in the loops around ‘holes’ in multiply connected
conductors, e.g. the loop currents in the winding
composed of stranded conductors or the loop currents
around the holes in regions with eddy currents [15].

Because magnetic field and electric field of conducting
currents can be expressed by scalar or vector potentials
there are three formulation of equation (a)-(b)—(c). We
can apply Q—T-T, formulation, or A—V-T; formulation, or
description using A-T-Tj. Of course, in specific case field
model can be simplified, e. g. when eddy currents are
negligible we consider only equations (a)—(c) that are
represented by formulation QT or A—T.

The presented field model is formed with the intention
to join it with equation of supply and control circuit.
Therefore, it is advantage to express equations (a)—(b)—(c)
using the language of circuit theory. First the FE equations
of magnetic field will be presented.

II. FINITE ELEMENT EQUATIONS OF MAGNETIC FIELD

Two most popular FE formulations are discussed: (o)
the formulation using scalar potential Q and nodal
elements, and () the formulation using vector potential
and edge elements. In the formulation (o) polynomial
interpolating function Q(x,y, z) is constructed on the nodal
values of Q, i.e. on the nodal potential. However, the
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formulation (B) applies edge value of 4. For oriented edge
PP, the edge value of 4 is equal to the line integral of 4
on PP, [15]. The edge value of A for edge PP, can be
considered as a loop flux in the loop around P,P,. Thus in
the formulation (o) magnetic field is defined by the nodal
magnetic potentials and in the case of (B) formulation
magnetic field is described by thy loop fluxes.

It has been shown [14, 15] that FE equations represent
nodal and loop equations of two types of networks: ‘edge
networks’ (EN) where branches are associated with edges
of the elements, and ‘facet networks’ (FN) with branches
connecting the centers of the relevant facets with the
centre of the element volume. FE model composed of 8-
node hexahedrons is used to illustrate these networks - see
Figs. 1, 2. The structural matrices of the networks are the
FE representation of differential operators. For example,
the transposed nodal incidence matrix k, of EN represent
'grad' operator and the transposed loop matrix k&, for FN is
the network representation of 'curl' operator. The nodal
equations for EN are equivalent to the nodal finite element
formulation using scalar potential €, whereas loop
equations for FN refer to the edge element formulation
based on vector potentials A.

Table I summarises the equations for both models and
shows: (a) equations that describe branch fluxes ¢, in EN
and node-to-node magnetic ‘voltages’ uq for FN, and (b)
FE equations using the notation of equivalent networks.
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Fig. 1. Edge graph of 8 hexahedrons.
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TABLE L.
EQUATIONS OF EQUIVALENT MAGNETIC NETWORKS

Network | Branch equation | Substitutions FE equations
Bdge |4y = AuatOy.) |ug =k,Q |kIAKIQ=—kIAO),,
Facet  Jugr=Ru@—Op |/=kebe |kl Rk =k!Op "

Comments: Q is the vectors of nodal potentials, A is the matrices of]
branch permeances, ®pe, Opy are the vectors of branch mmfs, ¢ is the

vectors of loop fluxes; Ry, is the matrices of branch reluctances, *nodal
equations of EN, **loop equations of FN

It should be noted that in equivalent models of element
there exist inter-branch couplings [14, 15].The matrices of
branch parameters are not diagonal.

In the presented equations the branch mmfs are establish
from loop currents (ampere-turns) in the loops around
branches. However, when using the FN it is not necessary
to know the branch sources, instead the loop sources are
needed. The loop mmfs are represented by the current
passing through the loops of FN. Thus, for scalar potential
formulation we should define loop currents to determine
the right hand side (RHS) vector of FE equations.
Whereas, for vector potential method the RHS vector can
be calculated using the current passing through the loops.

In general, we can consider three categories of currents
that are the source of magnetic field: (i) conducting
currents, (i) magnetizing current in the region with
permanent magnets, (iii) displacement current. In the
discussed model displacement current are neglected.
Magnetizing currents are assumed to be known. These
currents are determined by magnetization vector H,,. The
edge value of H,, represents the magnetizing current in the
loop around edge. The most complicated is to establish the
mmfs caused by the conducting currents. It is advantage to
separate two kinds of conducting currents: eddy currents
and currents inducted in windings. The eddy currents are
calculated using FE method.

III. FINITE ELEMENT EQUATIONS OF EDDY CURRENTS

System containing region with eddy currents field may
be described using electric scalar potential ¥ or electric
vector potential 7. FE equations for these formulations are
constructed in the way similar to the FE for magnetic
field. The FE equations for scalar potential formulation
and nodal elements represent nodal equations of edge
electric network. Whereas, the FE equations for vector
potential T and edge elements are equivalent to the loop
equations of facet electric network with loops around
element edges. The edge value of T represents loop
current that may be considered as the eddy current.

The equations of electric network are shown in Table II.
The branch equations express the branch currents i, in EN
and the node to node potentials uy,in FN.

In the electric equivalent networks, similar to magnetic
ones, inter-branch coupling exists. For example, the
current in the i branch of the edge element model depends
on the voltage across the conductance of the ;" branch,
whereas the voltage of the branch ¢ in the facet model is
linked to the flux in the branch p.

When formulating equations presented in Table II,
branch emfs are expressed by time derivative of magnetic
flux in the loops around the network branches. Therefore,
the branch emf$ in the EN are calculated using the loop
fluxes in the facet magnetic network. In the case of the FN
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TABLE II
EQUATIONS OF EQUIVALENT ELECTRIC NETWORKS

Network | Branch equation | Substitutions FE equations
Edge i) = G(uy+ey.) uy=kV |kIGKIV =—kIGe,,"
Facet  \uyr=Riy—epr |iy=keie |kIRk,i,=kley "

Comments: V is the vectors of nodal potentials, A, is the matrices of]
branch conductances, epe, epy are the vectors of branch emfs, i, is the
vectors of loop currents; R is the matrices of branch resistances, *nodal
equations of EN, **loop equations of FN

that is analysed using the loop method it is not necessary
to establish the branch emfs ey. The RHS vector e, in
loop equations is represented by the loop emfs, ep=kl ey

Thus, we need the loop emfs. The loop emfs in FN are
expressed by time derivative of flux passing through the
loops, i.e. flux associated with branch of EN.

The important disadvantage of formulation using vector
potential 7 is that the method can only be applied to
simply connected conductors, e.g. solid parts of a core
with no ‘holes’. Whereas, electrical machine windings
must be considered as a multiply connected regions. The
FE equations for the classical T formulation refer to loops
around the element edges, see loops with current i, i, in
Fig. 3. The loops around the ‘holes’ do not exists. It is
thus necessary to modify classical T method and to
introduce additional equations describing the loop currents
flowing around the ‘holes’, e.g. currents i.; (i=1,2,3) in
Fig. 3. These currents are circuit representation of the
edge values of T, introduced in [2, 4]. The edge values of
T, describe also currents in the windings composed of thin
stranded conductors with negligible skin effect.

IV. EQUATIONS OF WINDING CURRENTS

In the presented approach the winding currents
represent loop currents in the determined loops of
multiply connected conductors, see currents i,; in Figs. 3,
4. The winding outlets are considered to be out of the
region divided into the FEs. In general the winding
equations can be connected with the equations of supply
system. Here, to simplify description it is assumed that the
terminal voltages are given and the loop emfs e produced
by external sources are known.

The procedure of winding equation formulation starts
with the description of winding loops in the finite element
space. As a result we get matrices that transform winding
currents into magnetic field sources and transform fluxes
®s, 0. (see Table I) into the flux linkages with the winding
loops. There are two methods of winding description in
the finite element space. The method based on the
definition of intersection points between the winding
loops and the finite element facets [13, 16]. This method
describes windings in the facet element space. The more
universal is method that relies on the calculation of
intersection points between the finite element edges and
the surfaces of winding loops. This method describes the
winding in the edge element space [13].

The path of the i winding loop ; can be defined by the
parametric equations of oriented curves, r=r;(f). For a real
winding these equations have a very complicated form.
Therefore, it is suggested each loop L; be replaced by a set
of m; closed plane curves (sub-loops) L;, e.g. by triangles
or parallelograms (Fig. 5). In order to describe sub-loops
in the edge element space we should define the oriented
surfaces S;; of L;; — see Fig. 5.
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Fig. 3. Multiply connected conducting regions with eddy currents i,,.

L

Fig. 4. Loops of 3-phase winding composed of stranded conductors.
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Sub-loop Z;;
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Fig. 5. Sub-loops L;; of loop L; with current ;.

As a result the winding loops are represented by a set of
closed oriented plane curves of parametric equations
r=r;;(f) and by plane oriented open surfaces S§;; of

parametric equations r=r;(u,v). Usually, the description
of winding loops may be simplified by ignoring very
small sub-loops. For example, the loop L; in Fig. 5 may be
represented by 5 loops only. The flux that penetrates loops
L;» , Li3 is very small and these loops may be ignored.

The presented representation of winding by sub-loop
makes easy the process of forming matrix N, that
describes windings in the edge element space. The number
of intersection points between the edge K., (going from
P, to P,) and surfaces S;; of L; represent the entry of IV,
that is related to the loop L; and to the edge K,,,. In the
calculation of intersection points the sense of K, in
relation to the sense of S;; should be taken into account.
The entry Nex,,; is equal to the difference between the
numbers of intersection point of negative and positive
scalar product S;; K, , [13]. Therefore, in Fig. 6, Nk, 5, =0.
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The product of matrix NV, and vector i, is equal to the
ampere-turns 0, around the edges. The ampere-turns
around the edges represent the branch mmfs in magnetic
EN. Thus, the vector ©,, can be defined as follows

©pc =04, = Nei.. (D

The vector 0,, of ampere-turns in the loops around the
branches of EN can be transformed into the ampere-turns
0 in the loops around the branches of FN [15]. Fig. 7
explains the transformation in the case of network model
of hexahedra. The transformation matrix K consists of
weighted average factors. The product of matrix K and
vector 0y, gives the vector 0,rand the branch mmfs in FN,

Oy =0y = KO;, = KO, . 2

In the formulations using potential A it is not necessary
to know the branch sources. The loop sources should be
determined. The loop mmfs ©,, in FN are equal to the
ampere-turns (total currents) 0, that penetrate the loops of
FN. The ampere-turns 6,,r are obtained by multiplication

of the loop matrix k! and the vector 6y

0,y =0, =kl0y=klKN.i,. 3)

The total currents that pass through the loops of FN
may also be calculated from the currents (ampere-turns)
0, that cross the element faces, i.e. that cross the loops of
EN and represent the facet values of current density.
Matrix k, transposes the currents in the loops around the
edges into the currents in the branch of FN, i.e. into the
total currents 0,,.. Thus, using (1), we can find that the
vector 0,,, of ampere-turns that cross the element facets is

0e =k Ope =k N, i . 4

The matrix product kN, is equal to the matrix Ny that
describes winding loops in the facet element space.

Nf:keNe (5)

The transposition matrix Ny can be easy determined by
the calculation of intersection points between the loops L;;
and element facets F,. Fig. 8 illustrates the method of
matrix Ny calculation. The winding loop L; intersects two
times facet F,,. The scalar products of F, and edges of L
L;; are negative. Therefore the entry Ny; is equal to —2.

When matrix N, and currents i, are given it is easy to
calculate the vector 0,,.. Then, using matrix K, the vector
0,,rand loop mmfs ©,, in facet network can be found [15].

1>

Fig. 6. Winding loop in the edge element space.
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Fig. 7. Transformation of ampere-turns around the branches of EN

into the ampere-turns around the branches of EN.

Fig. 8. Winding in the facet element space.
For given matrix Ny the vector ®,, may be expressed in
the following form

©,,=0,,=K"0,,=K"Ni.. (6)

It is interesting to notice that there are two methods of
forming the loop mmfs in FN: (a) the method using
description of winding by the matrix NV, — see (3), and (b)
the method using matrix Ny— see (6).

The presented above descriptions of winding can be
used in the calculations of flux linkages with the loops ;.
For EN of branch fluxes ¢, the vector W of flux linkages is

¥=N¢y. (6)

The description of winding loops in the edge element
space is not unique. Thus matrix /V, is not unique either.
The set of surfaces S;; with the total boundary Z; is not
unique. However, the results of vector W calculation are
independent of the choice of Sj ;.

In the case of the magnetic vector potential method and
the facet magnetic network two formulas can be applied

Y= NeTKTkeq)e 5 (7a)

Y= N}Kq)e. (7b)

A comparison of equations (7) with respect to (5) leads
to the identity K7k, = Kk[ .

The presented above descriptions of branch and loop
mmfs and flux linkages are summarized in Table III.
Formulas shown in Table III have been used in the
formulation of winding equations, i.e. equations that
describe loop currents i,.
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TABLE IIL.
DESCRIPTIONS OF MMFS AND FLUX LINKAGES ELECTRIC NETWORKS

Network | Branch mmfs Loop mmfs Flux linkages
Edge Oy = Ni, O, = Nfic Y= Ng¢b
Facet Oy = KN i, ®m/-=KTN/-iC L= N;Kq)e

Comments: matrix N, describes windings in the edge element space,
matrix Ny describes windings in the edge element space i, is the vector

of currents in winding loops K7k, =Kk!, N =k.N,

The winding equations can be described in the
following unified form

Ryi.+p¥=e, (3)

where R, is the matrix of loop resistances, p=d/d¢ and e is
the vector of external emfs, see Fig. 4. It should be notice
that (8) also relates to the loop around the holes in
multiply connected conductors with eddy currents, i.e. to
the loops with currents i.; in Fig.3. In equations for system
in Fig. 3 the vector e is equal the voltages produces by

eddy currents; i.e. e=—NIkI Rk,i, .

V. EQUATIONS OF COUPLED MAGNETO-ELECTRIC MODEL

In the preceding section it has been discussed the
coupling between the FE equations of magnetic field and
the equations of winding currents. In order to form the
complete field model of machine the links between the
magnetic field and eddy current field must be consider. It
has been shown [15] that branch sources in FN are
established from loop quantities in EN, and — by
symmetry — branch sources in EN are found from loop
quantities in FN. Branch mmfs ®, in EN correspond to
loop currents. Branch emfS e, in EN are found as time
derivatives of loop fluxes ¢, in FN. Using the symbols in
Tables I, II, the branch sources of EN can be written as
follows

8be:ie > €he :_d¢2/dt . (9)

In the analysis of FN we need loop sources. The loop
mmf is equivalent to the current passing through the loop
of the magnetic network, thus loop mmfs ©,, in the FN
correspond to the branch currents i, in the EN, see Table
IL. In the FN models of eddy current regions the loop emfs
may be found by taking time derivatives of branch fluxes
in the magnetic network passing through the loops of the
electric network, i.e. fluxes ¢ in the branches of EN, see
Table I. Thus, the loop sources in FN can be express in the
following form

Gmf =ip=G(k,V-pd.),
Cmf=— pds =_p(A(an +®be)) :

The field sources in FN can be also calculated using the
relations presented in section IV. The winding loops
should be assumed to be eddy current loops, i.e. i. = i, and
N.=1. As aresult we obtain

(10a)

(10b)

emfzkeTKie > €mf =—PKTke¢e . (1 1)

On the basis of the presented above equations the field
model of electrical machine may be constructed. Further
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on we will show the equations of the model for the
formulations described in Section I, i.e. for Q-T-T,
formulation, for A—V-T, formulation, and for description
using A-T-T.

The FE equation for formulation Q-7-T7, are
represented by nodal equations of edge magnetic network
coupled with the loop equations that describe eddy cur-
rents in electric FN and currents in winding loops. These
equations can be written in the following matrix form

kI Ak, kI'A kTAN, Q] | kIA6,
PAk, R.+pA (R, 4pA)N, ||i. |5 0
pNIAk, NI (pA+R,) R,+NIpAN, | i. e
(12)

Here R, is the matrix of loop resistances for loops with
eddy currents, R, =kl Rk,, and 0, is the vector of
additional branch mmfs in the permanent magnet region.
These mmfs represent the edge values of magnetization
vector. In the above equation vector i. describes the
winding currents and the currents in the loops around the
'holes' in the region with eddy currents. For systems
without eddy currents equation (12) becomes simpler and
have the following matrix form

kIAk,  kTAN, Q1 _[kI A8, (13)
pNIAk, R,+NIpAN, | i, e |

It seems that for eddy currents calculation the most
convenient is A—V-T, formulation. This formulation is
equivalent to the loop analysis of facet magnetic network,
coupled with nodal analysis of EN for eddy currents and
with the loop description of winding with stranded
conductors. The FE equations for A—V-T, formulation are

kIR kAGp Gk, —-K"N, [¢,] [,
—pkIG  kIGk, 0 Vi o
pNTK 0 R, |i||e

(14

where 0,, is the vector of loop mmfs in the regions with
permanent magnets; 0,,= kI K6, .

In the analysis of electrical machines we can also apply
A-T-T, formulation. The FE equations for this

formulation represent the loop equations for magnetic and
electric FNs. These equations can be expressed as follows

keTRlike _kZK _KTNf ¢e em
pKTk, R, KkIRN,|i, |5 0 |. (15)
pNTK N7Rk, R, |i||e

In the case of electrical machine of negligible eddy

currents both (14) and (15) are simplified into the
following matrix equations

ki Rk, ~K'Ny To,] _[e, (16)
pN’K R, i e |

These equations are the FE representation of A-T,
formulation and seems to more simpler than (13) where
there is the time derivative of permeance matrix A.
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VI. MOVEMENT SIMULATION

Movement simulation is one of the most important
problem in the FE analysis of electrical machines. There
are a lot of techniques of modelling the changes of rotor
position in the FE description of electrical machines [6,
11, 26, 30].

The FE methods taking into account the movement can
be divided into two categories: (a) techniques with the
fixed grid independent of the moving region position
(FG), and (b) the techniques with the moving grid (MG)
[26, 29, 33]. The FG methods have been successfully
applied in the analysis of the systems with the
homogenous moving part and constant speed. In the
specific cases, the problems with the changes of speed can
also be solved by the fixed grid methods. The FG method
needs the suitable discretization of the region considered
and the close correlation between the value of rotor speed
and the value of element side dimensions. For example, in
the case of time step method application, the time step
length must be controlled to get the displacement "for
element to element" in each time step.

The moving grid methods are more universal. In these
techniques the grid is divided into two parts: the moving
part associated with the moving elements, i.e. with the
rotor of electric machine, and the fixed part associated
with the other elements, e.g. with the stator of electric
machine. Between these parts, the interconnecting band or
slip surface is created. The most popular methods of
coupling the fixed and moving part through the band or
the slip surface can be easy explain using the notation of
equivalent edge and facet networks.

In the scalar potential method, i.e. method equivalent to
the nodal analysis of EN, the changes of rotor position are
modelled by the changes of nodal permeances matrix
kT AKT . For vector potential method that corresponds to

the loop analysis of FN the changes of rotor position are
represented by the changes of loop reluctance matrix

K R, k, . At first we will explain the moving grid method

for the formulation using magnetic vector potential 4. In
this formulation the changes can be related to the

following matrices of product k. R, k. : (a) the structural

matrix k., (b) the matrix Ry of branch reluctances or (c)
both the matrix &, and Ry, In the methods (a) we consider
discrete position of rotor that differs on the distribution of
nonzero elements of loop matrix k.. As a result we obtain
a set of matrices k, for successive rotor positions. This set
represents the data points for interpolation functions that
express the dependence of k, on the angle o that describes
the rotor position [11]. It can be proved that if the
trigonometric interpolation is applied then the method is
equivalent to the method of harmonic weighting functions
presented in [9]. When a suitable interpolation of matrix
k. is applied the method of category (a) guarantees high
accuracy. However due to the increase of matrix
{ke (OC)}TR“ k,(0r) density the procedure of solving the FE
equations becomes complex and time-consuming. Also, in
the case of methods of category (b) with R, =R, (o), the
matrix of loop reluctances is dense what results in the
increase of computation time. The most representative
method of category (b) is the air-gap element method.

The simplest methods of movement simulation belong
to category (c). A typical representative of these methods

is moving band method with remeshing of FE network. In

this method, at each time step of the rotor displacement,
the finite elements are distorted and Ry, =R, () or, if the
distortion is large, the band is remeshed, i.e. the nonzero
elements of matrix k. change their position [6]. In the

matrix product k7 R, k., function Ry(o) is a piecewise
continuous and the matrix k,is represented by discrete set
of its values. As a result the derivative of matrix k. Rk,

entries with respect to angle o is not continuous that
produces the ripple in calculated quantities [11]. However,
due to the simplicity, the moving band method belongs to
the most popular methods of movement simulation.

The presented method of movement simulation for
vector potential formulation can be easy adopted for scalar
potential method. Changes of matrices Ry, k. are
represented by changes of matrices A, k, in the scalar
potential methods

VII. ELECTROMAGNETIC TORQUE

One of the most important advantages of the FE
analysis of rotating electrical machines is ability to
calculate the electromagnetic torque with high accuracy.
The relationships that describe electromagnetic torque are
formed on the basis of virtual work principle. The
obtained formulas can be divided into 2 categories: (a) the
force density formulas, e.g. Lorenz formula, the method of
magnetizing currents, and (b) stress tensor formulas, e.g.
the Maxwell stress tensor formula [25]. Of course, for the
exact solution of Maxwell’s equations the formulas of
both categories give the identical result. However, in the
case of FE models the results of different methods of
torque calculation are not identical. Moreover, the position
of integration surface has an effect on the result of stress
tensor method. Therefore, very often in the FE models the
electromagnetic torque is calculated using the formulas
that are obtained from virtual work principle implemented
to discrete systems [5, 12, 25, 26].

In accordance with virtual work principle, for scalar
potential method, the torque is equal to the magnetic
coenergy derivative versus the virtual moving. An
interpolation function can be applied to describe this
derivative. The interpolation gives

_ I, (OL+AOL)‘
T= (Aar)

_Wa+B) W)
‘Aa:O ZB |

where W, (0tf) is the magnetic coenergy for rotor

a7

position o£f, see Fig 9. From (17), using symbols in
Table 1 we obtain

T(Ot)=71BQT[(knTAkn) B_(knTAkn) (18)

}Q.
a—p

For vector potential method the magnetic energy
derivative versus the virtual moving is considered [12].
The derivative can be approximated by the finite
differences and as a result we have

o+

— (k! Ryk,)

T(0)=- 30! [u«z Rk

In the literature, there are also other methods of work
principle representation. Particularly noteworthy are the

oo (19)

o+
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Rotor in position o+

Fig. 9. A part of magnetic EN for 2 discrete rotor positions

methods adapted to the applied techniques of movement
simulation [5, 11]. For example, if in the procedure of
movement simulation, R,=Ry(o) then
T(o)=—0.5¢7 {kI (dR, /do)k, }o, . (20)
This formula and (18), (19) can be considered as the FE

representation of Maxwell stress formula with integration
surface related to the band between the stator and rotor.

VIII. FIELD-CIRCUIT MODEL

The presented below field-circuit (F-C) model of
electrical machine should not be mixed up with the field-
circuit model of the electric drive. The field-circuit model
of electric drive is constructed by joining FE equations
given in section V with equations that describe supply
system [20, 23, 27]. Moreover in the F-C model of drives
the field and circuit equations are coupled through the
expressions that define the electromagnetic and opposite
torque to the equation of motion [3, 10, 12].

In this paper the term field-circuit model of electrical
machine relates to the approaches that express the flux
linkages ¥ with the windings by two components: (a)
components defined by field quantities and (b) component
represented by inductances. Thus, expressions in Table II1
become

‘P=N}K¢0+Leic , W=NIo,+L,i,., (21a,b)
where L, is the matrix of equivalent inductances. The
equivalent inductances relate to this part of winding that is
out of the region divided into the finite elements.

The F-C model is applied when the magnetic field is
assumed to be 2D independent of the coordinate parallel
to the rotor shaft. In the 2D model the matrix L, describes
the inductances of winding ends.

It can be seen that equations of F-C model are similar to
the equations presented in section V. To obtain equations
of F-C model matrix R, in (12) — (16) should be replaced
by sum R,,+pL..

The F-C model with the 2D description of magnetic
field is simpler than 3D. The number of unknowns in FE
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equations is considerably smaller. Therefore, although the
software for 3D calculation is commonly available the 2D
F-C models are still in wide use.

Some authors use the phrase ‘field-circuit’ for the
circuit equivalent model with the FE calculations of circuit
parameters, mostly inductances. The method based on the
FE calculations of circuit parameters is effective in
specific cases only. Three factors determine the method
efficiency: (a) number of coupled windings, (b) saturation
ratio, (c) influence of eddy currents on the flux linkages
[16, 18, 22]. The circuit model with the FE calculation of
circuit parameters can be successfully used in the analysis
of systems without eddy currents with non saturated core.
The circuit model aided by the FE method can also be
effectively applied in the description of system with
saturated core but with no-mutual coupling between the
windings, e.g. to simulate switch reluctance motor. To
form the model of this motor we should define self
inductance only. The FE calculation self inductance only
are not time consuming, even if it is necessary to take into
account that the inductance is a function of current and
rotor position.

In the FE calculations of self and mutual inductances
we may apply presented above equations of field model
The vector of self and mutual inductances of the i®
winding is equal to the vector ¥ of flux hnka%es produced
by elementary current in this winding. The i component
of ¥ represents the self inductance, the /™ comgonent is
equal to the mutual inductance between the i™ and ;*
winding. In the calculation of inductances for machine of
saturated core we should take into consideration that
matrices Ry, A depend on the currents i.. Therefore, in the
calculations of inductance for given values of currents i,
the FE equations should be solved two times: first for
given vector i, to determine the values of entries of matrix
R, or A, and then for elementary currents to find the
vectors of self and mutual inductances.

It can be calculate that to describe the inductances of
six coupled windings for 20 values of currents and 20
rotor position the FE equations should be solved more
than billion times. Thus, the FE calculations of circuit
parameters are very time consuming.

Usually, in the description of electrical machines the
equivalent circuits are applied. The equivalent circuits are
formed by the application of current transformation; e.g.
Clarke and Park transformation. The inductances of
equivalent transformed system can be directly calculated
using the presented above field model. In the algorithm
the transposed currents ir are assumed to be known. For
elementary values of currents iy the currents i, in winding
loops are calculated, i.=k"iz, where k is the transformation
matrix. Then, for the currents i. the FE equations are
solved and the vectors Wr of flux linkages for transformed
system are determined, Wr=k¥. These vectors represent
the inductances of transformed circuit model.

It should be noticed that the described algorithm differs
from the classical approaches. In the classical approaches
at first the inductances of real system are determined and
then these inductances are transformed [19]. The
calculations using the algorithm with direct calculations of
equivalent inductances are much less time consuming [3,
17]. In has been shown [17] that in the case of 3-phase
balanced system that produces rotating magnetic field in
saturated core the procedure of equivalent inductances
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calculations needs to solve FE equations 6m times only,
where m is the number of given rms values /; of phase
current to form function L(Zy).

IX. CONCLUSIONS

The paper presents the so called field and the field-
circuit models of electrical machines. The particular
approaches have been elaborated to simulate the
machine’s behavior with the presented models [7, 8, 21].
The developments in these procedures and in the methods
to solve large systems of equations enable to apply the
presented model in many practical applications of
technical importance.

In the discussion on field and field-circuit models
practicability the three directions of applications should be
separated, namely: (a) design, (b) diagnostics and (c)
control. The field methods are commonly used in the
design stage of electrical machines. With the application
of high performance field models the designing engineer
can avoid the costs of building expensive prototypes of the
device under study.

Field methods are also applied for diagnostic purpose
[32]. However, in diagnostics the field models are not as
popular as for the machine design. Recently, the field
models become more and more popular in the analysis and
synthesis of electrical machine control, even though the
control methods are based on the classical circuit
approaches. Mostly, the field methods are used to
calculate the parameters of the equivalent circuit of
considered control system [3, 18]. The field methods can
be especially helpful in the case of sensorless control
when an accurate description of machine parameters is
required. It seems that untill now, due to the high
computational costs, the exact 3D field model has not
been directly applied in the control systems.

REFERENCES

[11 A. Arkkio A., “Time stepping finite element analysis of induction
motors,” Proceedings of ICEM’88, Piza 1988, pp. 275-280.

[2] S. Bouissou, F. Piriou, “Study of 3D formulations of model
electromagnetic devices,” [EEE Trans. Magn., Vol. 30, No.5,
1994, pp. 3228-31.

[3] S.BruléS., A. Tounzi, “Comparison between FEM and the Park’s
models to study the control of an induction machine,” Proceedings
of ICEM'2000, Helsinki Vol. 1, 2000, pp.548-552.

[4] V.P.Bui,Y.Le Floch, G. Meunier, J. L. Coulomb, “A new three-
dimensional (3-D) scalar finite element method to compute Ty,”
IEEE Trans. on Magn., Vol. 42, No.4, 2006, pp. 1035-38.

[S] J. Coulomb, G.Meunier, “Finite element implementation of virtual
work principle for magnetic or electric force and torque compu-
tation,” /[EEE Trans. on Magn., Vol. 20, No. 5, 1984, pp.1894-96.

[6] S. Davat, Z. Ren, M. Lajoie-Mazenc, “The movement in field
modelling,” IEEE Trans. Magn., Vol.21, No.6, 1985, pp.2296-98.

[7]1 H.DeGersem, R.Mertens, D. Lahaye, S. Vandewalle, K. Hameyer,
“Solution strategies for transient, field-circuit coupled systems,”
IEEE Trans. on Magn.,Vol. 36, No. 4, 2000, pp.1531-34.

[8] H. De Gersem, R. Mertens, U. Pahner, R. Belmans, K. Hameyer,
“A topological method used for field-circuit coupling,” IEEE
Trans. on Magn., Vol. 34, No.5, 1998, pp. 3190-93.

[91 H. De Gersem, M. Ion M., T. Weiland T., A. Demenko,

“Trigonometric interpolation at sliding surfaces and moving band

of electrical machine models, > COMPEL, Vol. 25, No 1, 2006,

pp. 31-42.

A. Demenko, “Time-stepping FE analysis of electric motor drives

with semiconductor converters”, /EEE Trans. on Magn., Vol. 30,

No.5, 1994, pp.3264-67.

[10]

2450

[11]

[12]

[13]

[14]

[15]

[16]

[17]

(18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

[28]

[29]

[30]

[31]

[32]

[33]

A. Demanko, “Movement simulation in finite element analysis of
electric machine dynamics,” [EEE Trans. on Magn., Vol. 32, No. 3,
1996, pp. 1553-56.

A. Demenko, “3D edge element analysis of permanent magnet motor
dynamics”, IEEE Trans. on Magn., Vol 35,No.5,pp.3220-23, 1998.
A. Demenko, “Representation of windings in the 3-D finite
element description of electromagnetic converters,” IEE Proc. Sci.
Meas. Technol., Vol. 149, No. 5, 2002, pp. 186 — 189.

A. Demenko, J. Sykulski, “Network equivalents of nodal and edge
elements in electromagnetics,” IEEE Trans. on Magn., Vol. 38,
No.2, pp. 1305-08, 2002.

A. Demenko, Sykulski J. “Network models of three-dimensional
electromagnetic fields,” ICS Newsletter, Vol. 13, No 3, 2006,
pp.3-13.

A. Demenko, L. Nowak, W. Pietrowski, “Calculation of end-turn
leakage inductances of electrical machines using the edge element
method,” COMPEL, Vol. 20, No. 1, 2001, pp. 132-139.

A. Demenko, L. Nowak, W. Pietrowski, “Calculation of
magnetization characteristic of a squirrel cage machine using edge
element method,” COMPEL, Vol. 23 No. 4, 2004, pp. 1110-18.

A. Di Napoli, S. Santini, “FEM identification of parameters of
vector control of induction motors,” Proceedings of ICEM'2000),
Helsinki Vol. 1, 2000, pp. 71-75.

Ch. Jones, The Unified Theory of Electrical Machines,
Butterworth & Co. (Publishers) LTD, London, 1967.

Y. Kawase, Y. Hayashi, T. Yamaguchi, “3D finite element
analysis of permanent magnet motor excited from square pulse
voltage source, ” IEEE Trans. Magn., Vol. 32, No. 3, 1996, pp.
1537 - 40.

D. Lahaye, S. Vandewalle, K. Hameyer, “An algebraic multilevel
preconditioner for field-circuit coupled problems,” IEEE Trans. on
Magn., Vol. 38, No. 2,2002, pp. 413-416.

E. Lange; F. Henrotte, K. Hameyer, “A circuit coupling method
based on a temporary linearization of the energy balance of the
finite element model,” /EEE Trans. on Magn., Vo. 44, No.6, 2008,
pp. 838-841.

F. Piriou, A. Razek, “Coupling of saturated electromagnetic
system to nonlinear power electronic devices,” IEEE Trans.
Magn., Vol. 24, No. 1, 1988, pp. 274-277.

F. Piriou, A. Razek, “Finite element analysis in electromagnetic
systems accounting for electric circuits, /[EEE Trans. Magn., 1993,
Vol. 29, No. 2, pp. 1669-75.

Z. Ren, “Comparison of different force calculation methods in 3D
finite element modelling,” JEEE Trans. on Magn., Vol. 30. No.5,
1994, pp. 3471-75.

N.Sadowski, Y.Lavevre, M. Lajoie-Mazenc, J. Cros, “Finite element
torque calculation in electrical machine while considering the
movement,” I[EEE Trans. Magn., Vol.28,No.2, 1992, pp. 1410-13.
N. Sadowski, Y.Lavevre, M.Lajoie-Mazenc, S.Astier, “Finite
element simulation of electrical motors fed by current inverters,”
IEEE Trans. Magn., Vol. 29, No. 2, 1993, pp. 1683-88.

E. G. Strangas, “Coupling the circuit equations to the non-linear
time dependent field solution in inverted driven induction motors,”
IEEE Trans. Magn., Vol. 21, No. 6, 1985, pp. 2408-11.

C.W. Trowbridge, J.K. Sykulski, “Some key developments in
computational electromagnetics and their attribution,” [EEE
Trans. Magn., Vol. 42, No. 4, 2006, pp.503-508.

I. A. Tsukerman, “Overlapping finite elements for problems with
movement,” IEEE Trans. Magn., Vol.28,No.5, 1992, pp.2247-49.

I. A. Tsukerman, A. Konrad, G. Meunier, J. C. Sabonnadiere,
“Coupled field -circuit problems; trends and accomplishment,”
IEEE Trans. Magn., Vol. 29, No. 2, 1993, pp. 1701-04.

L. Weili, X. Ying, S. Jiafeng, L. Yingli, “Finite-element analysis
of field distribution and characteristic performance of squirrel-
cage induction motor with broken bars,” IEEE Trans. Magn., Vol.
43, No. 4, 2007, pp. 1537-40.

S. Williamson, “Induction motor modelling using finite elements,”
Proceedings of ICEM 94, Paris, Vol. 1, 1994, pp. 1-8.

2008 13" International Power Electronics and Motion Control Conference (EPE-PEMC 2008)




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (None)
  /CalCMYKProfile (None)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.6
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo false
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 36
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 2.00333
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 36
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 2.00333
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 36
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.00167
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /Description <<
    /JPN <FEFF3053306e8a2d5b9a306f300130d330b830cd30b9658766f8306e8868793a304a3088307353705237306b90693057305f00200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /FRA <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /ENU (Use these settings with Distiller 7.0 or equivalent to create PDF documents suitable for IEEE Xplore. Created 29 November 2005. ****Preliminary version. NOT FOR GENERAL RELEASE***)
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


