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Abstract—We propose a geometric reinterpretation of the /%, we denote byG the incidence matrix between edges and
Nodal Force Method in the framework of a pair of discrete nodes,C between faces and edges abdbetween volumes
formulations for magnetostatics on complementary meshes. and faces; similarly for the dual compl&s we write G ¢

Index Terms— Discrete approaches, Forces, Magnetostatics. andD respectively.

Next, we consider the integrals of the field quantities with
. INTRODUCTION respect to thep-cells of meshM, yielding the Degrees of

The force distribution on a body can be computed by meaﬁgeedom (DoF) arrays whose elements are indexed over the

of the so called “Nodal Force Method” (NFM), proposed bcorrespondingp-cells._ 'I_'heref_ore, we obtain .th@ i? the_

different Authors [1], [2] in the framework of finite elemant OF-array 9f magnetic induction fluxes assomgted W't.h Afim

The aim of this paper is provide a geometric reinterprettati(;acesf’ F. Is the DoF-array of m.m.f.s associated \.N'th du.al
edges, I is the DoF-array of electric currents associated with

of the NFM, when used within discrete geometric approach%sual facesf. In the following, we briefly recall two possible

We will focus on magnetostatics, but the same interpratatio. . . S
: . . discrete formulations (in the full paper we will give all the
holds for eddy-currents problems. We will consider a pair 0 etails)

discrete formulation'son complementary tetrahedral meshes
to solve the magnetostatic problem, both in terms of the
circulation of the magnetic vector potential and in terms & Formulation in M’
a scalar magnetic potential and the circulation of the gtect . ,
vector potential, where needed. In both the cases, we Wi%lln_ D we consider the mesm - We search f_or arraj,
express the force acting on a nodeof a tetrahedron in 0 _C|rculat|onsA gf the magnetic vector potential along the
terms of the geometric entities of the mesh and of the glob%lrlImal edges ofC* such that® = CA and
electromagnetic quantities like the fluxes of the inducfietd CTUCA =T 1)
or the circulations of the magnetic field.
hold; I has non null entries for the dual faces /6fin D;.
Il. DISCRETE FORMULATIONS FOR MAGNETOSTATICS ~ Matrix v (dim(v) = Ny, Ny being the number of faces in

The domain of interesD consists of a source regiaB,, K®) is the reluctivity matr_ix such thaF = y@. This matrix
where known currents are present, and of a redign where €an be computed according to the following approaches, [4],
magnetic materials are present; the complemenDofand [5], under the hypothesis of element wise uniform fields.

D,, in D is the insulating regionD,. We introduce inD

a pqir of interlocked cell complexes. One complex is ma(E Formulation in M”

of simplexes (the 3-cells are tetrahedra), while the otker i )

obtained from it, according to the barycentric subdivisiale [N D we consider the mesiA1”. We search for arraf?
denote byK the primal complex (whose cells are endowefl| the magnetic scalar potential associated with the dual
with inner orientation) and by< the dual complex (whose nodes ofK* such thatF = GQ and

cells are endowed witlouter orientation) [3]. As the same ST A =T

geometric element of a complex can be thought with two G pGR=-GpT (2)

compleme/ntary origntations,/lwe may construct the pe_lir Abld, whereT is the array of circulations of the electric vector
mesheg/\/l = (K7, ’Q a_n(_j/\/l = (K, K*), W_here the suffix potential 7 along dual edges; it has non null entries for the
77 indicates the simplicial complex. We will denote Byl  edges ofK* in D,. Matrix p (dim(u) = Nz, N: being the
either M’ or M"”. In addition, the interconnections betweemumber of edges iK?) is the permeability matrix such that

the p-cells of the primal complex of a mesht are described $ — , F, [6]; elementwise uniform fields are again assumed.
by means of the usual incidence matrices. In particular for
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1These formulations are part of the GAME (Geometric Approdch U € L may have 1, 2 or 3 _nOdeS a@hD,,; we denote byn
Maxwell Equations) code developed by R. Specogna and FisBrev one of these nodes and wifkl the set they form. Then the



magnetic forcd",, associated with node of v can be written associated with dual edgge drawn from noden; again dual
as [2], [1] face f; pairs withé;. From it and (4), will show that (3) can

F, = — / Om - V7, (3) be rewritten as

3
Ho = n &
whereg,, = (HB — JH - BI) is the Maxwell stress tensor F = Gvol(0) > GuiFi vy G Fy, (8)
in terms of the magnetic induction field and the magnetic =1

field H in the vacuum] is the identity tensor. Finally is an \here 3VO1( W= Dy f, - Dyf; Dy — 1Dm,f,

arbitrary function (we need at least to compute the grad)éntD f D,,f,.. Again the vecton?; contains all the geometric

it I\IN'th supi)ortt inL; tlf: is 1 OT atDt ﬁn?j 0 onjL haD \ﬁ/ ¢ |nformat|0n in terms of the th[ee dual facgsdrawn from the
will concentrate on the single tetrahedronsince he resultan common noder and the facef, opposite to it.

forceFp,, acting on the body, is the sum of the contributions

F.,., withn € N, from allv € L. Itis usual to express inside IV. NUMERICAL EXPERIMENT AND RESULTS
v, as the sum of the Whitney nodal functions associated
with n € N. Then, it is easy to show [5] that in the primal
complexk® (or equivalently in the complex®)

We computed the resultant force acting on a cylinder=
100) close to a circular coil (400 turns, 1 A per turn); the
geometry is axisymmetric (it is shown in Fig. 1 on the right)
Vw, — 1 ) but we solved it as a 3D magnetostatic problem using the

v,nfnv

" _3V01(U) pair of complementary formulations dé*, £* having 82012

wheref,, is the area vector whose magnitude equals the aredeffahedra, 14330 nodes and 96867 edges. We obtdified
the facef,, (opposite to node) and that is perpendiculart, 9.06mN, F/ = 9.82mN for the axial component of the
and pointing in a way congruent (according to the right handéesultant force from (6) and (8) respectively. For comparjs
screw rule) with the orientation of that face. Enidy, ,, is the @ 2D axisymmetric analysis with the ANSYS code computed
incidence number between the inner orientations ahd f,, 9-42mN, using about 20000 Il order quadrilateral elements.
of K* (similarly betweens and f, of K* the incidence is

]31,7”). Finally vol(v) is the volume of the tetrahedron. 4
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A. Geometric reinterpretation using the formulation in M’

The formulation (1) allows the computation of the fluxes of
the induction field on the four faces of Then, we will show,
that a uniform induction fieI(B in v can be obtained from

1
3 Vol

10mm

Z Ginei Dy, )

where e;, with ¢ = 1,...3, is the edge vector associated
with edgee; drawn from noden, ®; is the induction flux
associated with fac¢; having noden as vertex; facef; pairs
with e; . IntegerdD,,; andG,,, are incidence numbers between
orientations ofv, f; ande;, n respectively. From it and (4),

will show that (3) can be rewritten as Fig. 1. On the right: geometry of the test problem. On the leftal force
distribution on the boundary of the magnetic domaip, .
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3
/o
F/ = — 9v01( Z D,;®; u}; D,;®;, (6)
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