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Abstract. The simulation of electrical machines at the first design stage requires efficient methods to characterize among
other properties its vibrational behavior. Particularly when considering both designed and parasitic geometrical modifications,
magnetic circuit calculations of large-dimensioned machines by finite-element methods (FEM) are cumbersome. Semi-analytical
approaches by means of conformal mapping are therefore useful to estimate the impact of several effects, such as asymmetric
stator laminations, rotor pole shapes and air gap imperfections. No-load operation is studied and the presented approach is
validated by FEM simulations. The aim of this work is to study force excitations by the magnetic air gap field in salient multi-
pole synchronous generators deviating from ideal and symmetrical geometrical conditions by using conformal maps.
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1. Introduction

Regulatory requirements for the noise emission of decentralized energy producers, as e.g. wind
energy converters, steadily increase. Tonal noises excited by the magnetic air gap field of generators
are therefore criteria, which have to be considered in the design process. At an early stage, the impact
of geometrical changes, which are both intended to mitigate field harmonics and occur parasitically due
to rotor misalignment, are in the focus. Since numerical calculation based on finite element analysis of
multi-pole machine topologies are time-consuming, semi-analytical approaches using conformal maps are
appropriate to study several geometrical conditions, which can occur at the air gap of the generator. These
methods have already been applied to non-salient permanent magnet excited machines and validated by
finite element simulations [1,2].

In this work, the magnetic air gap field and forces of an electrically-excited salient pole synchronous
generator are studied by conformal maps in contrast to other work using analytical formulas, which are
limited to idealized [3] or other geometries [4].

After describing the basic methodology of conformal mapping, the modeling approach for geometries
with non-cylindrical air gap shapes is presented. The mapping of two geometrical modifications, that are
sine pole rotors and anomalous stator laminations with double teeth and slots, is presented. The magnetic
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air gap flux density distributions and radial force density orders occurring in these topologies are analyzed
and compared to finite element method (FEM) based simulations. Finally, the conclusions are drawn and
an outlook for further research work is given.

2. Methodology

A Schwarz–Christoffel conformal mapping (CM) approach is applied for the impact analysis of non-
uniform air gap shapes due to sine pole as well as double tooth and double slot configurations on the
magnetic air gap flux density and radial force density. The 2D polygon describing the machine geometry
is mapped to a regular annulus. Applying the inverse transformation to the flux density solution in the
annulus yields the magnetic flux density in the original geometry.

2.1. Magnetic flux density calculation by conformal maps

In previous works [1,4], machine geometries are modeled by defining the vertices of the geometry
polygon as complex numbers s of the form

𝑠 = 𝑅𝑒𝑗𝛼, (1)

where R and 𝛼 are the radius from the center of origin and the angle of the vertex from the horizontal
axis, respectively. Schwarz–Christoffel mapping does not allow the geometry edges to have a curved shape.
Therefore, the defined geometry is transformed to the rectified z-plane using

𝑧 = ln(𝑠) = ln(𝑅) + 𝑗𝛼 (2)

as presented in [1]. Hence, only geometrical contours, which are circle arcs with center points coinciding
with the center of origin and lines with strictly radial orientation, can be accurately modeled with this
approach. Instead of only modeling the vertices of the geometry, the configuration is approximated by
a polygon of N sample points along the edges of the target geometry in this work. The impact of this
approximation on the accuracy of results is studied. The rectified geometry is transformed to a rectangular
domain using Schwarz–Christoffel mapping as presented in [5].

This rectangular w-plane is mapped to the 𝜓-plane of a regular annulus as presented in [6] and the flux
density solution B𝜓 in the regular annulus is calculated [7]. The flux density Bs in the s-plane is calculated
by [1]:

𝐵𝑠 = 𝜆∗ ⋅ 𝐵𝜓 . (3)

The complex relative permeance function 𝜆 is calculated from the product of the partial derivatives of
the transformation functions:

𝜆 = (
𝜕𝑧
𝜕𝑠

𝜕𝑤
𝜕𝑧

𝜕𝜓
𝜕𝑤) ⋅ 1

𝜆0
. (4)

The real valued relative permeance function 𝜆0 is calculated by mapping a slotless reference geometry
in the s-plane to a regular annulus in the 𝜓 plane in order to cancel the impact of the transformation on
the resulting complex permeance function. The permeance functions for the rotor and stator are derived
separately and superposed to the relative air gap permeance 𝜆AG:

𝜆AG = 𝜆Stator ⋅ 𝜆Rotor. (5)
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Fig. 1. Schematic representation of the sine pole rotor geometry in the s-plane.

The relative rotor and stator permeance functions are calculated for different combinations of a sine pole
rotor geometry, a double tooth and double slot configuration as well as their regular counterparts.

2.2. Sine pole geometry

When compared to a cylindrical rotor pole design, the sinusoidally shaped pole shoes are used in order
to suppress higher harmonics in the magnetic air gap flux density [8]. The specific radius of curvature
is a design parameter so that in rated operation the first harmonic of the air gap magnetic flux density is
approximately its amplitude:

1𝐵𝛿 ≈ 𝐵𝛿. (6)

In Fig. 1, the sine pole rotor geometry in the s-plane is illustrated schematically. The dashed circle arc
indicates the outer contour of a cylindrically shaped rotor pole geometry. In this case, all points along the
pole surface have an equal distance RR from the center of the machine. For a sine pole rotor shape, the
air gap width varies along the surface of the pole depending on the specific radius of curvature Rc and arc
angles 𝛾 . Hence, points along its surface are described by a circle that has an origin shifted by d from the
center of the machine.

The following transformations are deduced in order to apply Schwarz–Christoffel mapping correctly
for the considered curved geometry:

𝛼 = arctan (
𝑅𝑐 ⋅ sin(𝛾)

𝑑 + 𝑅𝑐 ⋅ cos(𝛾)) (7)

and

𝑅center = 𝑅𝑐 ⋅ sin(𝛾)
sin(𝛼) . (8)

The necessary amount of discretization points N along the rotor surface is studied and the implications
on the resulting magnetic flux and force density distributions in the air gap are evaluated.
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Fig. 2. Schematic representation of the double tooth and double slot stator geometry.

2.3. Double tooth and double slot stator topology

The insertion of a double tooth and a double slot in a uniformly slotted stator geometry is a concept
of stator shifting in order to reduce high order harmonic content of the air gap magnetic flux density
and the resulting magnetic force excitations [9,10]. The double tooth and the double slot occur at a fixed
number of uniform stator slots in each of a symmetrical unit that is one eighth of the circumference.
In each symmetrical unit the stator permeance functions describing the original and the modified stator
geometry have a spatial phase shift of half a slot pitch between the double tooth and the double slot. In
Fig. 2, the concept of this stator configuration is illustrated schematically. The dashed lines indicate the
circumferential width of a half slot pitch.

2.4. Magnetic force densities

The electromagnetic air gap force density in radial direction 𝜎rad can be derived from the Maxwell stress
tensor on the basis of the radial and tangential components of the magnetic air gap flux density [11]:

𝜎rad(𝛼, 𝑡) =
𝐵𝛿,rad(𝛼, 𝑡)2 − 𝐵𝛿,tan(𝛼, 𝑡)2

2𝜇0
. (9)

Analogously to the air gap magnetic flux density, the force excitations are a function of the time instant
and the circumferential position. Therefore, a 2D-Fast-Fourier transformation (2D-FFT) is applied in order
to analyze the electromagnetic force excitation in the frequency and spatial domain. Hereby, a magnetically
excited force wave propagates along the circumference of the machine with a shape correlating with the
spatial order 𝜂 and a frequency correlating with the temporal order 𝜈.
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Fig. 3. Comparison of the radial and tangential rotor permeance function over one symmetrical unit of a pole pitch as a function
of the number of discretization grid points N.

In the following sections, these order pairs are indicated as tuples of the form ( 𝜈
𝑝 , 𝜂), where p is the pole

pair number of the machine.

3. Results

3.1. Sine pole rotor

In Fig. 3, the radial and tangential components of the geometry of the sine pole permeance function
are illustrated for varying numbers of discretization points N along the curvature of the pole. The number
of discretization points affects the shape of the resulting radial and tangential rotor permeance function
significantly. A number of N > 10 grid points is necessary in order to avoid discontinuities in the
derivatives of the transformation functions. The modeling accuracy converges for a further increase of
the discretization grid points.

In Fig. 4, the comparison of the magnetic air gap flux densities calculated by the conformal mapping
approach and FEM is illustrated at no-load operation. For validation purposes the operating point is
chosen in such a way that the lamination material has linear magnetic behavior, as the conformal
mapping approach does not consider magnetic saturation. The finite-element model used for validation
is illustrated in [12]. The rotor pole shape is approximated with N = 10 discretization points. The flux
density distribution calculated from CM matches the FE solution. The sinusoidal rotor surface leads to
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Fig. 4. Comparison of the radial and tangential component of the air gap magnetic flux density at no-load operation.

a magnetic flux density distribution of sinusoidal shape. The stator slotting locally decreases the radial
magnetic flux density and increases the tangential flux density.

In order to quantify force excitations, radial force density distributions are considered. In Fig. 5, the
radial force excitations are illustrated after a 2D-FFT. As the pole number of the machine is 96, spatial
orders which are multiples of 96 are primarily excited.

3.2. Double slot and double tooth topology

In Fig. 6 the relative air gap permeance functions across multiple slot pitches 𝜏n are illustrated for the
double stator slot and double tooth topology. Across the regular slot pitches, the permeance function
matches the behavior of a regular stator geometry. The presence of a double slot leads to an increase of
tangential magnetic flux and decrease of radial magnetic flux at the wider slot opening. For the double
tooth an extension of the area, where the permeance function is of constant value, is observed.

In Fig. 7, the radial force density spectrum of the topology with both sine pole rotor and double slot
and double tooth stator is illustrated in the frequency domain. Due to the double tooth and double slot
configuration occurring eight times over the circumference of the machine, radial force waves with spatial
orders, which are multiples of eight, are additionally excited. Excitations with low frequency orders and
low spatial orders such as (2, 0), (4, 0), (6, 0) and (8, 0) occur with an increased amplitude. High frequency
orders with low spatial orders such as the slot harmonics (12, 0) and (24, 0) are reduced. As expected, the
stator configuration shifts magnetic force excitations towards lower frequencies.
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Fig. 5. Radial force density spectrum for a sine pole geometry at no-load operation.

Fig. 6. Radial and tangential relative permeance components of the double slot and double tooth topology.

4. Conclusion and outlook

The magnetic air gap flux density solution of a sine pole rotor geometry at no-load operation is
calculated by means of a conformal mapping approach and validated by the FEM. The impact of
discretization in the modeling of the geometry is studied and a sufficient amount of sample points is
determined. The relative air gap permeance resulting from doubled stator slots and teeth used in stator
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Fig. 7. Radial force density spectrum for a double slot and double tooth configuration at no-load operation.

shifting are presented. The radial force excitation resulting from stator shifting is calculated and the
impacts on the resulting space and frequency orders are discussed. The presented double tooth and double
slot topology shifts magnetic force excitations towards lower frequencies.

In future work, this conformal mapping approach is used to model further air gap imperfections such
as rotor ovalization and eccentricities and evaluate electromagnetically excited forces and their impact on
acoustic behavior.
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