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Sensitivity Analysis of Manufacturing Tolerances in
Permanent Magnet Synchronous Machines

With Stator Segmentation
J. Kolb and K. Hameyer, Senior Member, IEEE

Abstract—In this article the sensitivity of manufacturing toler-
ances on the output of a permanent magnet synchronous machine
with stator segmentation is studied. To reduce the simulation effort,
a transition of the stator segment air gaps to replacement geometry
was applied and the relevant parameters are discussed, whereas the
uncertainty of geometric and material parameters is modeled with
a normal distribution. Furthermore, tolerance chains are expressed
through the convolution of independent probability distributions.
For the Design of Experiments Sobol sequences are utilized. To
further decrease the number of design parameters an approach
is presented to reduce redundant parameters to individual design
parameters. For the sensitivity analysis the torque and torque rip-
ple serve as quality objectives. In addition, an approach is revealed
to use the variance of the radial forces as quality objective with-
out considering mechanical FE simulations. For manufacturing
tolerances a linear regression is satisfying to describe the main
effects on the quality objectives. Repetitive machine parameters,
e.g. the remanences, have less influence on the machine’s output
than particular parameters such as the housing radius or static
eccentricity. The influences of stator segmentation are negligibly
small, whereas the housing radius has the highest sensitivity on the
machine’s output.

Index Terms—Design of experiments, finite element analysis,
manufacturing tolerances, parameter reduction, sensitivity
analysis, sobol sequences, stator segmentation, synchronous
machine.

I. INTRODUCTION

E LECTRICAL machines, particularly permanent magnet
synchronous machines (PMSM), have a large number of

tolerance affected parameters. The resulting uncertainties from
manufacturing processes could be apparent in certain circum-
stances in torque, torque ripple and in the noise exciting radial
force waves, which can lead to vibrations in the stator housing.

This can increase ripple and noise to a point, where an electri-
cal machine is considered as a faulty product and is sorted out at
End-of-Line tests or as a return by customers, which can result
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in production waste or high costs for replacement. This time
effort and costs can be reduced by considering manufacturing
tolerances in the design phase of the machine.

However, it is not sufficient to tighten all tolerances, which
can be time and cost consuming for the manufacturing process.
Therefore only the tolerances have to be tightened, which will
have the most influence on noise and ripple and in contrary
tolerances with no significant influence can be widened. This
will reduce tolerance induced deviations while lowering manu-
facturing costs.

In most studies limited parameters of the machine are inves-
tigated on only one machine output variable, e.g. the cogging
torque, torque ripple or specific harmonics. Magnetization faults
are studied, which can potentially result in significant cogging
torque [1]. Another study investigates the influence of stator
core assemblies on cogging torque [2]. Furthermore the effects
of eccentricity on torque and radial force density are stud-
ied [3], [4]. Also the rotor misalignment faults on cogging torque
are analyzed [5]. There are other studies, where manufacturing
tolerances are investigated and individual parameters varied by
their tolerance limits. For an advanced torque control, manu-
facturing tolerances are considered in Finite Element Analysis
(FEA) to extract lumped parameters [6]. Further studies conceive
the influence of rotor and stator deviations on torque and par-
ticular radial force harmonics [7], [8]. From series production
measurements also torque deviations are deduced, which are
caused by manufacturing tolerances [9]. Among others, magnet
uncertainties are subject of research [10], [11].

In the research subject of global Sensitivity Analysis (SA), the
term of the applied method in the presented studies are called
One-factor-At-a-Time (OAT) analysis, where particular effects
of uncertain parameters are studied, but combined influences are
often neglected [12]. To comprise interactions between different
parameters a global SA should be employed [13]. Only a few
studies were published, that already performed the analysis with
stochastic approaches [14], [15]. If analyzed, only particular ra-
dial force harmonics are investigated but not the entire harmonics
spectrum, which can distort the belonging sensitivity measure.

None of the presented studies investigate interdependencies
between manufacturing tolerances on torque, torque ripple and
the harmonic spectrum and consider the probability distributions
of the manufacturing tolerances, but which are important to
obtain the proper sensitivities of manufacturing tolerances. Inter-
dependencies of individual manufacturing tolerances with stator
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Fig. 1. Cross-section of the studied machine model.

segmentation are likewise not investigated. Hence, the objective
of this study is to identify the most sensitive uncertain parameters
regarding torque, torque ripples and radial force excitation. In
contrast to the mentioned studies with OAT approaches, an ex-
tensive SA will be applied on the entire machine, combined with
Design of Experiments (DOE) and magnetic FEA to comprise
interactions of manufacturing tolerances. With this approach,
this study contributes to develop a methodology to estimate
the sensitivities for a large number of manufacturing tolerances
and to evaluate the influence of the stator segmentation on the
machine’s output.

As machine a pump drive from series production will be
investigated. Especially the noise of pumps through acoustic
radiation or induced torque ripple in the pumping system can
lead to undesired system behavior [17], [18]. The machine is
introduced in Section II with uncertain manufacturing tolerances
in Section III. The design of experiments with an algorithm for
parameter reduction is presented in Section IV. The actual SA
is depicted in Section V with a proposed method to comprise
all force harmonics instead of investigating particular harmon-
ics. The results are presented in Section VI and discussed in
Section VII. Remarks are drawn in Section VIII.

II. MACHINE MODEL

The studied machine is a permanent magnet synchronous
machine with single tooth windings, stator segmentation and
buried magnets (Fig. 1). The machine has a rated power of
4.5 kW and consists of three pole pairs with fractional slot
windings (number of holes q = 0.5). Furthermore the rotor poles
are formed as sinusoidal poles.

The machine is utilized as drive for pumps in large buildings
for circulating domestic hot water. The pump system was al-
ready investigated as simulation model with lumped machine
parameters and compared with measurements [16]. Because its
application is stationary most of the time, FEA is driven at rated
power with 4450 rpm and 9.6 Nm at a current amplitude of
Î = 10.0A.

Fig. 2. Transition of the modeled stator segment air gap to replacement
geometry.

A. Replacement Geometry

Because influences of manufacturing tolerances on the forces
in the rotor air gap are asymmetric, it is not sufficient to sim-
ulate a single pole pair, but the complete machine has to be
comprised. Thus, the number of finite elements is very large and
the simulation effort is not applicable for a sensitivity analysis.

To reduce the number of elements an adaptive mesh refine-
ment is applied. It turned out, that the air gap transitions between
the stator segments have to be meshed with a high resolution,
where the elements measures few micrometers in size. To further
reduce the number of elements, the segment air gaps could be
defined by a replacement geometry so that the mesh generator
produces significantly less elements and the solution does not
change regarding the quality objectives.

The replacement geometry consists of three elements, so that
a housing widening as well as a tilting of the stator segments can
be simulated (Fig. 2). In magnetic equivalent circuit theory the
magnetomotive force is calculated with a series of reluctance
elements multiplied by magnetic flux. Here, it is used to calcu-
late a new reluctance for the replacement geometry element.
Because reluctance exhibits linear correlation with with the
belonging element length, a linear scaling between electrical
steel reluctanceRm,Steel and segment air gap reluctanceRm,Air

is permissible [19].
Thus, the reluctivity of the replacement material can be de-

scribed as

Rm,Rep(B) = Rm,Steel(B) ·
(
1− bAir

bRep

)

+Rm,Air · bAir

bRep
. (1)

bAir defines the segment air gap width and bRep the width
of the replacement gap between stator segments. bAir can be
influenced by cutting tolerances, the housing radius rH as well
as the tilting of the stator teeth.

The deviations between original and replacement geometry
were computed for a machine without segment air gaps (bAir =
0.0) and maximum segment air gap. The number of elements is
reduced by 14.8% between original and replacement geometry.
The resulting accuracy for the quality objectives (see Section
V-A) are depicted in Table I as ratio of quality objectives between
FE mesh with replacement and original geometry, e.g the mean
torque of the replacement geometry divided by the mean torque
of the original geometry. The corresponding flux densities are
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TABLE I
REPLACEMENT GEOMETRY ACCURACY AS RELATION BETWEEN QUALITY

OBJECTIVES FOR REPLACEMENT AND ORIGINAL GEOMETRY

Fig. 3. Flux density with maximum segment air gap (left) and without air gap
(right).

shown in Fig. 3. The local flux differs in the segment air gaps,
but not significantly for the flux in the rotor air gap, which
is relevant for force calculation. With maximum segment air
gaps the quality objectives vary between −0.6% and −1.4% for
original and replacement FEA. Without an segment air gap the
variation is even higher with 0.82% to 2.34%, which could also
be influenced by mesh discretization errors. Thus, the FEA with
replacement geometry is feasible for the sensitivity analysis. The
particular meshes are then created with a static mesh refinement.

B. Force Calculation

The most important output of the machine are the tangential
Ftan and radial forces Frad. Therefore, radial and tangential
force densities are obtained from the flux density solution

σFrad(α, t) =
1

2μ0
B2

rad(α, t) (2)

σFtan(α, t) =
1

μ0
Brad(α, t)Btan(α, t) (3)

Fig. 4. Probability density of the rotor radius related to nominal radius. The
dashed lines define the tolerance limits.

with radial Brad(α, t) and tangential Btan(α, t) flux density. α
represents here the spatial angle, t the temporal dependency and
μ0 the vacuum permeability [4].

The torque T (t) is deduced as integral of the tangential
force density σFtan, which is assumed to be invariant in axial
direction and thus sufficient for radial field electrical machines
and multiplied with the rotor radius rR and the active machine
length l [4].

T (t) = r2R l

∫ 2π

0

σFtan(α, t) dα (4)

The radial force density can be depicted as force density
waves, which yields by spatial and temporal Fourier decom-
position to

σFrad(ν, f) =
∑
s

∑
r

σ̂sr cos (νsα− 2πfrt− Φs) , (5)

where σ̂sr represents the s-th spatial and temporal r-th force
density wave amplitude, f the frequency, ν the spatial order, νs
the s-th spatial order, fr the r-th frequency order and Φs the
phase shift angle [20], [21].

III. UNCERTAIN MANUFACTURING PARAMETERS

In electrical machines a wide range of significant parameters
exists, that influence the output and therefore the manufacturing
quality of the machine. Geometric tolerances result from steel
cutting processes and from assembling the lamination and ma-
terial tolerances from a varying material composition [22], [23].

A. Tolerance Distribution

In manufacturing processes geometric tolerances can mainly
be considered as normal distributed [24]. Therefore the proba-
bility density of the distribution is described as

p(x) =
1√
2πσ2

exp

(
− (x− μ)2

2σ2

)
, (6)

where x is the length or radius of a component.
Fig. 4 shows the probability distribution of the rotor radius.

As of empirical analysis the tolerance limits are set to 3σ. There-
fore 0.27% of the manufactured rotors are out of the tolerance
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TABLE II
UNCERTAIN MANUFACTURING PARAMETERS OF THE MACHINE

specification. The manufacturing processes are comparable for
all geometric tolerances, thus other tolerances are also set to 3σ.

The relevant tolerances and their quantities in the machine are
shown in Table II. Over all, there are 106 particular parameters
which have to be considered. With the combination of tolerances,
e.g. the eccentricity calculation, 103 manufacturing parameters
are relevant for the sensitivity analysis. A repetitive tolerance
will subsequently be mentioned as parameter class.

B. Geometric Parameters

Geometric tolerances of the rotor are illustrated in Fig. 5a.
The rotor radius rR is defined as outer radius of the sinusoidal
rotor form. By increasing the radius the sinusoidal shape is
extended uniformly. The geometrical dimensions of the magnets
are defined by length lM and width wM . On the inner side
of the magnets are small surrounding air gaps for assembling
purposes. The overall pocket width is consequently described as
an independent parameter wPM . Furthermore the flux barriers
between the magnets bM and between the magnets and the outer
contour of the rotor bR have to be comprised because of flux
density concentration, which can influence the rotor air gap flux
density.

Fig. 5. Investigated geometric parameters.

The relevant parameters of the stator (Fig. 5b) include tooth
heighthT and tooth widthwT . The housing bore rH is also toler-
ance affected. When the stator is manufactured, the T-segments
are pressed inside the housing and the segments fit tightly. If the
bore is larger within the tolerance limits, the stator teeth move
outward so that the rotor air gap increases. If a stator segment
is manufactured smaller than other segments, but complies the
tolerance limits, it could tilt, so that an edge of the tooth protrude
into the rotor air gap. Hence, the segment tilting is also gathered
as an independent parameter and is defined as angle αT .

The rotor eccentricity combines different individual toler-
ances. Therefore, the eccentricity is defined as closing dimension
of a tolerance chain, which consists of the displacement between
rotor shaft bore and outer contour eR, the shaft mating surface for
the rotor eM , the bearing clearance eB , the bearing seat in the end
shield eS and the tolerance between housing and stator eH . The
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Fig. 6. Schematic longitudinal section of the machine.

Fig. 7. Probability distributions of static and dynamic eccentricity.

longitudinal section in Fig. 6 illustrates the relations between
the individual tolerances and eccentricities. The direction of the
static eccentricity is defined as the eccentricity angle αEcc,S .

The probability distribution pEcc,S(x) of the static eccentric-
ity eEcc,S is here defined as convolution of probability distribu-
tions of the bearing clearance pB , bearing seat in the end shield
pS and the tolerance between housing and stator pH :

pEcc,S = pB ∗ pS ∗ pH . (7)

This is permissible, because the particular parameters are consid-
ered as stochastically independent. The probability distribution
pEcc,D(x) of the dynamic eccentricity eEcc,D is equally calcu-
lated as the convolution of probability distributions of the shaft
mating surface for rotor pM and the outer diameter of the rotor
pR:

pEcc,D = pM ∗ pR. (8)

The resulting normal distributions are depicted in Fig. 7. The
3σ boundary of static eccentricity is reached at 43% and the
boundary of dynamic eccentricity at 9% of the rotor air gap
width.

The 3σ boundary of all geometric parameters are set their
tolerance limits derived from technical drawings.

Fig. 8. Probability density of the magnet remanence.

C. Material Parameters

Material uncertainties originate from deviations of the magne-
tization curve, losses of electrical steel and magnet remanence.

The magnetization curve and losses of electrical steel are
influenced by a lot of different factors. Soft magnetic materials
can vary in composition, but normal distributions are not suf-
ficient for fitting. Electrical steel manufacturers only guarantee
minimum properties for graded steel lamination materials, but
do not define tolerance limits [25]. The magnetization prop-
erties are furthermore influenced by punching, welding and
annealing [26], [27]. With different stacked and laminated stator
segments, varying batches with deviations in material thickness
and rolling directions also contribute to deterioration [28], [29].
Hence, the modeling of soft magnetic material including mod-
eling of cutting edge effects, anisotropy and other deviations in
magnetization and losses through manufacturing processes is an
active research topic [30], [31]. Thus, the soft material modeling
will be part of further investigations and is not scope of this study.

The remanence of the magnets BR is measured with 82 sam-
ples from series production so that a distribution can be fitted.
The best fit is the normal distribution, which is estimated with
the Maximum-Likelihood Estimation. In Fig. 8 the probability
distribution over the remanence is shown. As a result, 0.42% of
the magnet remanence are larger or smaller than the manufac-
turers tolerances, determined with the limits in the specification
sheet.

IV. DESIGN OF EXPERIMENTS

For generating the design samples for the Design Of Exper-
iments (DOE) with probability distributed parameters, Sobol
sequences are used [32]. Recent research revealed that for large
multidimensional problems Quasi-Monte Carlo (QMC) meth-
ods, especially Sobol sequences, produce smaller probability
errors than e.g. Halton sequences or classical methods like Latin
Hypercube sampling [33], [34].

The Sobol sequence is based on the bit-wise calculation of
the values for the design samples. To compute the s dimension
of the sampling point j in the sequence, a sj degree primitive
polynomial Z is defined:

Z ≡ xsj + a1x
sj−1 + · · ·+ asj−1x+ 1 (9)
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The coefficients a1, . . ., asj−1 are chosen from {0, 1}. The
polynomial in (9) is used to define the coefficient mk:

mk = 2a1mk−1 ⊕ 22a2mk−2 ⊕ . . .⊕ 2sj−1asjmk−sj+1

⊕ 2sjmk−sj ⊕mk−sj , (10)

where k > sj . The ⊕ operator denotes a bit-by-bit exclusive or
operation. The initial values for mk−sj , . . .,mk can be chosen
freely with the constraint that mk is odd and mk < 2sj .

The direction numbers vk are defined as

vk =
mk

2k
. (11)

Finally the sequence is computed with

xn = b1v1 ⊕ b2v2 ⊕ . . ., (12)

where . . .b3b2b1 is the binary representation ofn. Further details
are specified in [32].

To comprise the probability distribution of certain design
parameters, the resulting Sobol sequences are scaled with the
inverse cumulative distribution function P (x)−1 of the proba-
bility density p(x) (see (6)):

xp = P (x)−1. (13)

The detailed algorithm is described in [35].

A. Algorithm for Parameter Reduction

To reduce the number of parameters, dependencies between
different parameters of one parameter class are identified so that
the parameter quantity is considerably reduced while maintain-
ing the same significance for the analysis.

For example, if all magnet remanences as parameter class
are directly included in the sensitivity analysis, the output
would show the same influence to the quality objectives for all
remanences because the magnets are arranged symmetrically
and the probability distributions are equal for every magnet.
Furthermore, the interferences between parameter classes are
indeterminable and no certain combinations of parameter classes
with particular large influence are visible, respectively.

Hence, the main idea is to find the minimum and maximum
geometric influence on the quality objectives, so that the SA
can be split in two with minimum and maximum geometric
influence, respectively. Therefore, before computing the actual
experimental design, the influence of all repetitive parameters
are investigated for each parameter class. An obvious approach
would be to employ a full factorial design to ascertain the
geometric influence. If a 2k full factorial design is generated for
every parameter class, e.g. for the twelve remanences k = 12,
there are n = 4096 possible combinations with a sequence of
0 and 1, representing minimum and maximum tolerance limits.
But for the influence of each repetitive parameter, only combina-
tions are relevant which are unique from each other because of
the symmetric arrangement in the machine where only relative
positions are relevant but not absolute positions.

For example, if there are four parameters with conditions 0
and 1, assuming that every parameter has the same influence and
the arrangement is symmetric, the combination b = [0011]2 (=

Fig. 9. Algorithm to study the uniqueness of a bit pattern after generating the
bit pattern b(i) with (14).

[3]10) exhibits the same influence to the quality objectives as
b = [0110]2 (= [6]10), which is [3]10 bit shifted to the left by 1
resulting in [6]10. So the full factorial design can be reduced to
patterns, which are unique and not symmetric to each other.

Thus, in the first stage the underlying rule can be formulated
as

b(i) =

{
0, i = 1∑i

j=2 2
j−2, i > 1

, i ∈ N ∩ i < 2k, (14)

where the bit sequence of b(i) = [pk . . . p3p2p1] represents the
parameter pattern and k is the amount of parameters.

In the second stage, the algorithm illustrated in Fig. 9 checks,
if the bit representation of b(i) is unique or symmetric to a
another pattern of b. If the bit pattern is symmetric, then b(i)
is not a valid value of the numeric series.

The outer loop of the algorithm iterates over all unique bit
patterns b(q) that are smaller than b(i) to check if b(i) is
symmetric to b(q).

In the inner loop b(i) is now compared to b(q). Therefore b(i)
is bit shifted to the left by r and to the right by k − r and the
results are then linked by a bitwise OR operation. If the variable
equals b(q), then b(i) is symmetric to b(q). If no symmetric
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pattern is found, then b(i) is marked as unique and it is considered
as valid pattern for the pattern series.

Furthermore, all b(i) are tested until i is equal to 2k. At last,
all unique b(i) are now considered as reduced pattern series.

The pattern series count can be reduced to nb(k = 9) = 63
and nb(k = 12) = 352, which is 12.3% and 8.6% of the 2k full
factorial design, respectively. Applied to the parameter class of
the remanence, the pattern series count is nb(k = 12) = 352.

B. Application of the Parameter Reduction

The algorithm for parameter reduction from Section IV-A is
applied to each parameter from Table II with a quantity of more
than one parameter as parameter class c, e.g. the remanence,
while all other design parameters are set to their reference values.
As a result, the minimum and maximum geometric influence of
every parameter class is known, so that the sensitivity analysis
can be split in two sets of DOE, where the influence of the
geometric patterns are visible.

In a bit pattern 0 is set to the minimum tolerance limit and
1 to maximum tolerance limit of the belonging manufacturing
parameter.

First, the FEA is applied for every b(i) in the reduced pattern
series. Then the quality objectives are calculated (see Section
V-A). To find the overall geometric influence of parameter class
c, the sum Q(c) of all quality objects is calculated with quality
objective Qm, standardized by its standard deviation σ.

Q(c)(i) =

∑q
m=1 σ(Q

(c)
m (i)) ·Q(c)

m (i)∑q
n=1 σ(Q

(c)
n (i))

(15)

In the next step, the indexes of max(Q(c)(i)) and
min(Q(c)(i)) are obtained as i(c)max and i

(c)
min. The pattern with

the minimum and maximum overall influence on the quality
objectives are then selected as:

PP (c)
max = b(i(c)max) (16)

PP
(c)
min = b(i

(c)
min). (17)

This approach is repeated for every parameter class c, so that a
global minimum and maximum geometric pattern influence is
achieved. In the last step, the geometric patterns are included
into DOE for SA. Instead of considering a distribution for every
individual parameter in a parameter class, one distribution pR
for all parameters in the parameter class c is utilized to reduce
the design parameter count from k to one. If the influence of one
parameter j in PP (c) equals 0, then the parameter is set to

x
(c)
pn,j = 2x

(c)
N − x(c)

p , (18)

otherwise, if the parameter in PP (c) equals 1, the parameter is
set to

x
(c)
pp,j = x(c)

p . (19)

x
(c)
N describes here the nominal value of the belonging parameter

class with x
(c)
pn and x

(c)
pp as adjusted distributed parameters and

x
(c)
p the DOE sample value of the belonging parameter class,

obtained with the probability distribution p
(c)
R .

The original probability distribution p(x) is only valid for one
parameter, it therefore has to be adjusted to fit as a replacement
for all parameters in a parameter class. Following the chain rule
for independent probabilities, the probability distributions of all
parameters in the parameter class have to be multiplied [37].
Because the distributions are equal, the resulting replacement
distribution can be formulated as

p
(c)
R (x) = p(x)k

(c)

, (20)

where k(c) is here the quantity of parameters in a parameter
class c. Because of the exponentiation the resulting probability
distribution is much steeper than for individual parameters.

There are now two different sets of DOE samples, one with
minimum (PPmin) and one with maximum (PPmax) geometric
pattern influence, which serve as inputs for SA with one param-
eter.

V. SENSITIVITY ANALYSIS

The sensitivity analysis comprises the consideration of signif-
icant quality objectives, a preinvestigation to further reduce the
design parameters and a regression model as sensitivity measure.
As described in Section IV-B minimum and maximum geometric
pattern influences are here investigated as separate analyses to
directly compare the influence of redundant geometric manu-
facturing parameters.

Different possibilities exist to obtain the sensitivity for input
to output correlations. Like stated in the introduction global
sensitivity analysis is an active research topic. The most popular
sensitivity measure are the variance based Sobol Indices, which
estimate first and second order sensitivities. The disadvantage
of Sobol Indices are the fact, that a lot of design samples are
required to obtain a meaningful analysis [12]. Furthermore, a
method is presented to reduce the sample count, but for FEA it
is even too high to apply [36].

If 500 samples are considered as sufficient to project the
probability distributions of 9 design parameters on the quality
objectives with a regression model, then 10000 samples for the
same goodness are necessary with Sobol Indices. This sample
count is not achievable with FEA. Therefore in further studies
metamodels will be considered to estimate first and second order
sensitivity indices. Hence, for this study, standard regression
methods will be utilized.

A. Quality Objectives

The output of the machine are radial and tangential tooth
forces (see Section II). The sensitivity of the torque T is mea-
sured as mean torque T and torque ripple TR.

The mean torque for one rotation with the time period τ is
calculated as

T =
1

τ

∫ τ

0

T (t) dt. (21)

Furthermore, the torque ripple is defined as minimum to
maximum peak torque related to the mean torque:

TR =
max(T (t))−min(T (t))

2T
. (22)
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TABLE III
INDIVIDUAL DESIGN PARAMETER INFLUENCES ON THE QUALITY OBJECTIVES

RELATIVE TO NOMINAL VALUES (IN PERCENT)

To appraise the acoustic radiation of the machine, the surface
acceleration is usually calculated with structural dynamics simu-
lations. To overcome the necessity of complete mechanical FEA
for every sample, the influence of manufacturing parameters on
the radial forces is estimated with the variance σ2

rad of spatial s
and temporal r modes based on the sensitivity estimation with
Fourier amplitude test sensitivity (FAST):

σ2
rad =

1

2

∞∑
s=1

∞∑
r=1

(A2
sr +B2

sr), (23)

where Asr and Bsr are the complex Fourier coefficients of the
force wave density (5) [37], [38]. Thus, only harmonics are
included in the sensitivity measure and not the constant radial
force component (s = r = 0).

B. Preinvestigation

To further reduce the number of parameters, all design pa-
rameters with an overall influence on the quality objectives
less than 1.0% relative to nominal values are neglected. In
Table III the influences of individual parameters are listed. For
this, the machine is simulated with the minimum and maximum
tolerance limits of every parameter, where the tolerance of all
other parameters are set to their reference state. Parameters in
parameter classes are set to their tolerance limits simultaneously.

The reference state for every quality objective is defined as
100% so that tolerance limits are comparable. The highlighted
values expose the highest absolute deviation. The magnet length
lM , magnet pocket width wPM , bridges bM and bR, and the
dynamic eccentricity eEcc,D show no significant influence on
the quality objectives. Thus, these parameters are set to their
reference state for the SA.

In Table IV the resulting design parameters for the sensi-
tivity analysis are presented. The eccentricity angle αEcc,S is
also specified as design parameter to evaluate the goodness of
the experimental design. Because the parameter is uniformly
distributed and varied between 0 and 2π within the design of
experiments, single quality objectives differs, but with a 2π
angle rotation, there should be no dependency of the angle in

TABLE IV
INVESTIGATED MANUFACTURING PARAMETERS FOR THE

SENSITIVITY ANALYSIS

Fig. 10. Scatter plots of the rotor radius.

the stochastical analysis. With the parameters, which have a
particular influence with more than 1% on the quality objectives
and the eccentricity angle, SA is performed with 9 parameters.

Fig. 10 shows the scatter plots of the rotor radius and Fig. 11
of the housing radius on the quality objectives. Because of the
small deviations from the manufacturing tolerances, the mean
rising of the quality objectives can be considered as linear.
The depicted scatter plots confirm this hypothesis. The other
design parameters likewise reveal this behavior. Another study
on dimensional and material tolerances reveals the same linear
correlation [39].

C. Regression Model

As depicted in Section V-B, a linear regression model is
sufficient to process the main dependencies.
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Fig. 11. Scatter plots of the housing radius.

The linear model is defined as

ŷi(xi) = θ̂1 + θ̂2 xi (24)

with the regression coefficients θ̂1 and θ̂2.
The regression coefficients are calculated as the minimum of

the sum of the squared distances between (xi, yi) and (xi, ŷi)
[40].

θ̂2 =

∑n
i=1(xi − x̄)(yi − ȳ)∑n

i=1(xi − x̄)2
(25)

θ̂1 = ȳ − θ̂2 x̄ (26)

For the sensitivity analysis the regression coefficient θ̂2 is
utilized. Because the different design parameters have different
dimensions, the regression coefficient is standardized with

S = θ̂2
σx

σy
, (27)

where S is the sensitivity measure and σx and σy the standard
deviations, which are the calculated with x and y, respectively.

In the sensitivity analysis, x represents one of the design
parameters of Table IV and y one of the quality objectives
pointed out in Section V-A.

VI. RESULTS

The resulting regression coefficients for each design param-
eter in Table IV are depicted in Fig. 13. Fig. 13a shows the
sensitivity analysis for the maximum geometric pattern PPmax

influence and Fig. 13b the analysis for the minimum geometric
pattern influence PPmin as discussed in Section IV-B. For each

Fig. 12. Overall probability density of the quality objectives.

analysis 500 design samples are employed, which is satisfying
to represent the design parameter distributions.

The inner housing radius rH shows a high negative correlation
concerning torque, torque ripple, radial force variance. This
results from an enlargement of the rotor air gap width because the
stator segments have more space inside the housing and therefore
are displaced outwards compared to the reference design. The
rotor radius rR exhibits a positive correlation to the quality
objectives, which is obviously yielding by decreasing the air
gap width and increasing the air gap flux density.

The static eccentricity eEcc,S influences the torque in a
slightly positive direction because of the smaller one-sided air
gap width while the torque ripple is decreasing. The radial forces
variance shows a strong rise with increasing eccentricity. The
eccentricity angle αEcc,S reveals the described behavior that
the angle should converge to zero; the regression coefficient is
nearly zero.

The magnet width wM shows a minor increase in torque for
maximum geometric pattern influence and a minor decrease for
minimum geometric pattern influence. The parameter has no
significant influence on torque ripple and radial forces variance.

The remanence parameterBR has a minor influence on torque,
but not significantly on the other quality objectives. With maxi-
mum geometric pattern influence the torque increases and with
the minimum geometric pattern the parameter slightly decreases.
For the maximum geometric pattern influence the height of the
stator segment hT shows a small fall in torque ripple. The other
quality objectives provide no significant correlation. The angle
of the stator segments αT yields to a minor contrary relation
between torque, radial force variance and torque ripple which
is more distinct with minimum geometric pattern influence.
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Fig. 13. Sensitivity analysis for manufacturing parameters of Table IV.

The width of air gaps between stator segments bAir reduces
all quality objectives in a minor way, but have no significant
influence in contrast to eccentricity and housing radius.

The resulting overall probability density with all samples are
shown in Fig. 12. Torque and torque ripple only have small
variations within deviations of approximately 2.5% and 5% of
the reference design. In contrast, the variance of radial forces
reveals deviations up to 10% of the reference design, but in
some constellations the radial force variance can increase up to
15% of the nominal value.

VII. DISCUSSIONS

The accuracy of the design of experiments is an important
factor for the sensitivity analysis. With different estimation

approaches such as the star discrepancy the design can be studied
before the simulations are performed [33]. However, to be sure
that the sensitivity analysis is reliable, the angle of eccentricity
αEcc,S is included in the analysis. Because the parameter is
uniformly distributed and should have no influence on the quality
objectives, it is a good measure for the quality of the DOE. Like
stated in the results (Section VI) the regression coefficient is
nearly zero and therefore the results of SA are trustful. If the
angle would have an influence on the results, then the sample
count should be increased or algorithms and simulations should
be checked for errors.

The analysis reveals a high impact of the eccentricity on the
radial force variance. The resulting distribution is described in
Section III-B and preinvestigated in Section V-B. The eccen-
tricity can reach up to 43% of the air gap width, where each
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component of the tolerance chain is important for the resulting
deviations. The overall probability density in Fig. 12 also reveals
a high rise of the radial forces variance for some design samples,
where the main influence is the static eccentricity. Thus, espe-
cially particular parameters with large tolerance limits, which
are not inherent to a parameter class and therefore direct inputs
for SA, need to be tightened to reduce the influence on the quality
objectives.

Parameters, which are repetitive in the machine, e.g. the
remanences of the magnets, have significant less influence than
individual parameters as the eccentricity, rotor or housing radius
(see Section IV-B). The height and tilting of the stator segments
revealed high deviations for the torque ripple within the tolerance
limits in the preinvestigation, but less influence in the sensitivity
analysis. The stator segment air gaps have neither significant
influences on the torque ripple, nor radial force variance. Hence,
tolerance limits of individual manufacturing parameters have
to be tightened and tolerance limits for repetitive parameters
can be extended within its feasibility without risking significant
loss in manufacturing quality concerning the quality objectives.
In certain conditions the tilting angle air gap could have an
influence and cannot be neglected beforehand. If the sensitives
of eccentricity, housing and rotor radius are significantly higher
than the sensitivities of tilting angle and segment air gap, in
further studies the stator segments can be simulated in FEA as
coherent object with a continuous yoke to reduce finite element
size, simulation effort and the number of design parameters.
Depending on the aim of further studies, the stator segment
height has to be considered, which is also applicable with a
continuous yoke.

The radial force variance as quality objective seems to be a
good measure to evaluate the harmonics of radial forces. How-
ever, if the radial force variance indicate a strong rise for a design
parameter, mechanical FEA has to be performed to compute the
surface acceleration, which will reveal the actual influence of the
acoustic radiation on the parameter. But in reverse, if the radial
force variance shows no significant correlation to the design
parameter, surface acceleration wont increase either, because
structural dynamics are not excited by radial forces. Therefore
the variance is a measure to evaluate the influence of force
excitation harmonics, but not for acoustic radiation. In advance,
design parameters without significant influence can be neglected
in further investigations with an even higher simulation effort,
e.g. when mechanical FE simulations are included.

VIII. CONCLUSION

In this paper the influences of various manufacturing toler-
ances on the torque, torque ripple and radial forces are studied.

A permanent magnet synchronous machine with single tooth
windings and segmented stator was described, including a
method to reduce the number of finite elements by applying
a replacement geometry for the air gap between the stator
segments. The radial and tangential flux densities provide the
basis to calculate the torque and radial forces, which will serve
as inputs of the quality objectives for sensitivity analysis.

Subsequently, the uncertain manufacturing parameters were
studied. Most manufacturing tolerances, which includes

geometric and material tolerances, are normal distributed. To
reduce the number of repetitive parameters in a machine, an
approach is presented to calculate the sensitivity analysis with
maximum and minimum geometric pattern influence.

To further reduce the design parameters, a preinvestigation
is performed, where individual minimum and maximum influ-
ences are examined. Parameters with an influence less than one
percent are set to their nominal value. In addition, an algorithm
is presented to estimate the variance of the radial forces to
conceive the radial force harmonics as one quality objective.
Thus, torque, torque ripple and radial force variance are set as
quality objectives. For sensitivity analysis a linear regression is
utilized, which is sufficient for the analysis of manufacturing
tolerances.

The analysis reveals high sensitivities for the housing and
rotor radius as well as static eccentricity. Other parameters
have significantly less influence on the quality objectives. Stator
segment height, tilting angle and segment air gaps have minor
influence, but cannot neglected beforehand, because in certain
conditions the influence can rise. This can be determined with a
preinvestigation.

If a manufacturing parameter is considered as repetitive in the
machine, e.g. the remanence, the impact on the quality objectives
is relatively small compared to individual parameters with large
tolerances, which can have a high influence on torque and radial
force harmonics.
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