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Efficient Estimation of Electrical Machine Behavior
by Model Order Reduction
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The proper orthogonal decomposition (POD) is an efficient model order reduction method, which is frequently coupled with the
discrete empirical interpolation method (DEIM) to solve nonlinear electromagnetic problems. A drawback of this method is that
instabilities can occur related to the reduction operator of the nonlinear part. In this contribution, different DEIMs and the Gappy
POD are employed and analyzed. Consecutively, the methods are employed to efficiently estimate the behavior of a permanent
magnet synchronous machine in terms of global quantities, such as torque and iron losses.

Index Terms— Discrete empirical interpolation, finite element method, Gappy POD, iron losses, model order reduction, permanent
magnet synchronous machine, proper orthogonal decomposition (POD).

I. INTRODUCTION

THE simulation of electrical machines is a computationally
demanding task due to solving large systems of equations

arising from the electromagnetic field equations. Therefore,
it is an ongoing aspiration to develop and employ mathematical
models to reduce this effort. The proper orthogonal decompo-
sition (POD) is a well-known reduction technique that can
significantly reduce the degrees of freedom (DOFs) of linear
and non-linear systems. However, in non-linear simulations,
the computation saving is canceled by the necessity to eval-
uate the nonlinearity in the reference system. Employing the
discrete empirical interpolation method (DEIM) copes with
this additional burden but can introduce instabilities and inac-
curacies in the system [2], [9], [10]. The Gappy POD was used
to solve an eddy current problem in [10] and showed a more
stable behavior. To reduce the instabilities, the truncated DEIM
approach and the Gappy POD are compared. In addition,
a localized DEIM (LDEIM) is employed, which uses different
projections depending on the angular displacement of the rotor
to further exploit any periodicity in local states of material
saturation. Consecutively, the techniques are applied to a tech-
nical relevant example of a permanent magnet synchronous
machine, and the accuracy and efficiency of the model order
reduction methods are evaluated.

II. MAGNETOSTATIC FIELD PROBLEMS

Modeling of low-frequency electromagnetic fields, such as
in electrical machines, is conducted by the finite element
method. In an abstract context, the geometry can be considered
as a bounded domain �, which is placed in R2. The domain
may hold unary and binary boundaries and an interface to
model the movement, which, in this case, is considered by
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a sliding interface [4]. The static version of Ampère’s law is
used to determine the magnetic vector potential A in electrical
machines, where the eddy current effects are negligible

∇ × ν(∇ × A(x, θ)) = JDens(x, θ) + ∇ × νBPM(x). (1)

After applying the Galerkin method, a nonlinear system of
equations (2) is deduced, which can be solved by an appro-
priate algorithm, such as the Newton method [7]

M(X(θ))X(θ) = BLoad(θ). (2)

III. REDUCTION TECHNIQUES

The resulting system of equations can be large and inher-
ently leads to high computational efforts. While the POD copes
with the solving of the system, the DEIM focuses on reducing
the computational effort of building the nonlinear part of the
system matrix.

A. Proper Orthogonal Decomposition

The fundamental idea of the POD is based on recon-
structing a system by a set of linearly independent vectors,
which spans an orthogonal basis in the solution subspace.
For this purpose, a set of previously computed snapshots
AS = [X1, X2, . . . , Xn] is decomposed by a singular value
decomposition (SVD)

AS = U�VT (3)

to create a projection operator � ∈ RDOF×m , which is used to
project the reference system of order DOF into the reduced
system of order m. The snapshots can be computed in different
ways such as equivalently distributed in the simulation interval
or by greedy or constrained algorithms based on the quantity
of interest [5]. The projection operator is defined by the m
first columns of the left singular orthonormal matrix given
by U ∈ RDOF×DOF (3) [8], [10], [16]. The reduced system is
consecutively achieved by

�T X(θ) = Xr (4)

�T J(X(θ))�δXr = �T R(X(θ)) (5)
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TABLE I

DEIM ALGORITHM

which is much smaller than the reference system. However,
the evaluation of the residual R(X(θ)) and the Jacobian
matrix J(X(θ)) still depend on the solution vector X(θ) in
the reference system.

B. Discrete Empirical Interpolation Method

When evaluating the residual and the Jacobian in the ref-
erence system, which is a significant computational burden,
the DEIM can be utilized [8], [10]–[12]. This method evaluates
the nonlinear terms on a small subset of elements connected
to the interpolation indices. The DEIM algorithm can be
improved by taking the information value of the snapshots
into account given by the singular values σ to truncate the
nonlinear basis. A measure of the relative energy Ek related
to a singular value σk is given by

Ek = σk
∑n

i=1 σi
. (6)

In order to construct a truncated optimal basis of order k,
the residual relative energy Rk is expressed as

Rk = 1 −
∑k

i=1 σi
∑n

i=1 σi
. (7)

This residual relative energy can consecutively be used as a
threshold value for the DEIM process [8], [12]. The singular
values are by definition decreasing, which enables to extract
information about which singular vector will add new infor-
mation to the decomposition [8]. The adapted DEIM algorithm
is given in Table I. It should be remarked that the POD-DEIM
will always be less accurate compared to a pure POD method.
Only if the DEIM approximation is exact, the POD-DEIM is as
accurate as the POD itself [14]. The resulting matrix P consists
of the interpolation indices, while W is a basis of the nonlinear
function subspace. The DEIM projection is consecutively
applied to the residual and the Jacobian matrix [10]. The
Gappy-POD reduces the instabilities of the DEIM by increas-
ing the number of interpolation indices to be higher than the
number of the nonlinear basis in W [10]. Another approach
is proposed here by taking different projection bases to fully
exploit magnetic field periodicities and local similar states of
magnetic saturation in the machine [3], [6]. The approach
assumes that a parameter, such as a rotor angle θ , strongly
influences the nonlinear function. Nevertheless, solutions close
to θ are similar to the one at θ . Arranging similar non-linear

TABLE II

MACHINE DATA

solutions in subsets and switching between the corresponding
projections depending on θ further improves the reduced order
model (ROM). Employing a small local basis for rotor angle
intervals with a width of half a pole leads to smaller projection
operators; however, multiple SVDs are needed to create the
different projections leading to a slightly higher computational
effort compared to taking one large projection basis. Due to the
fact that no algorithm for the determination of the local subsets
is used, our approach is only a rudimentary implementation
of the LDEIM [3].

IV. APPLICATION ON SYNCHRONOUS MACHINE

In Section IV, the proposed reduction techniques are applied
to a synchronous machine with buried permanent magnets,
which is used as a traction drive for electric vehicles.
The machine data are given in Table II. The simulation
is conducted over 0◦–120◦ in 180 angular steps, and the
snapshots are taken for an operating point at (Id , Iq) =
(−4.6, 4.7) A/mm2 at a distinct number of n equivalently
distributed rotor angles. In the following analysis, the repre-
sentation of typical machine characteristics, such as torque and
iron losses, is presented. First, the Gappy POD, DEIM with
the proposed truncation criteria based on α, and LDEIM are
applied to the machine simulation with 60 and 90 snapshots.
It has to be remarked here that the simulation of the Gappy and
DEIM did not converge without truncation. In our simulations,
the threshold value for the truncation α is set to 0.1 ·10−3. The
accuracy of the different ROMs is evaluated by assessing the
absolute residual of the simulation in each angular step and
averaging them. Table III holds the results for the different
methods. It can be depicted that the Gappy POD is as
accurate as of the DEIM and more stable, which underlines the
findings in [10]. The LDEIM, which employs a smaller local
basis, shows the best accuracy compared to the Gappy POD
and truncated DEIM. The following evaluation of machine
parameters is due to the empirical evaluation of a reasonable
truncation factor for the DEIM and Gappy POD and the better
accuracy of the LDEIM only conducted for the POD and
POD-LDEIM. If higher accuracy is necessary, a method given
by [15] might be interesting, which reformulates the magnetic
vector potential formulation into a quadratic bilinear algebraic
form. However, most electromagnetic finite-element software
packages are not capable of using higher order tensors.

A. Local Flux Density Distribution

The first analysis is performed with a focus on the local flux
density distribution. This is particularly important because it is
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TABLE III

AVERAGE ABSOLUTE ERROR IN PERCENT

the starting point for the post-processing of the iron losses and
torque. The deviation between the reference solution and POD
reaches higher values at angular steps, which are not included
in the snapshots. Furthermore, the DEIM approximates the
representation of the nonlinear material by an interpolation,
which increases the error. The local deviation between the
full and reduced models’ solution is shown in Fig. 1 for an
angular step of θ = 0.66◦, which is not used as a snapshot.
The vector potential and the flux density are illustrated. It is
noticeable that the difference between the reference vector
potential and POD vector potential ARef −APOD [see Fig. 1(c)]
is smaller than the deviation given by ARef −APOD-LDEIM [see
Fig. 1(d)]. The flux density is a post-processed quantity and,
therefore, shows the same behavior. Although local deviations
occur, the overall field distribution is a good approximation
of the reference field. The major part of the deviations of
the POD, as shown in Fig. 1(e), occurs on the surface of the
machine’s rotor, the airgap, and the teeth tips. Minor deviations
occur in the stator. The POD-LDEIM depicted in Fig. 1(f)
shows larger overall deviations with a similar local distribution
in the rotor. It is noticeable that the interpolation introduces
locally higher errors, which underlines the tradeoff between
computation savings in terms of DOF and achievable accuracy.

B. Torque

The second comparison is conducted for the torque as a
globally integrated quantity. In Fig. 2(a), the average torque
error for different numbers of snapshots is shown, and it
can be seen that at least 45 snapshots are necessary for the
POD to accurately reproduce the torque with an error of
less than 0.1%. To have a reasonable mathematical accuracy
of the reduced model, 60 steps are taken (see Table III).
In Fig. 2(b), the relative error is depicted for each angular
position for the first 60 steps. The error is for all steps smaller
than 1%, but the better mathematical accuracy of the POD
cannot be recognized in the relative torque deviation. A direct
comparison of the torque versus the angular step of the three
computation methods in Figs. 2(a) and 3 shows that the POD
produces as precise results as the POD-LDEIM even though
the mathematical residual is smaller (see Table III), but it is
not beneficial in terms of computational effort, as stated in
Section III.

C. Iron Losses

The iron losses of the machine are computed by the IEM
5-parameter iron loss formula [1], [13]

PIEM = a1 Bα f + a2 B2 f 2(1 + a3 Ba4) + a5 B1.5 f 1.5 (8)

Fig. 1. Comparison of ROMs’ vector potential and flux density approx-
imations and reference vector potential and flux density. (a) Reference
vectorpotential ARef . (b) Reference flux density BRef . (c) ARef − APOD.
(d) ARef − APOD−LDEIM. (e) BRef − BPOD. (f) BRef − BPOD−LDEIM.

Fig. 2. Torque errors for ROMs using 60 snapshots. (a) Error of average
torque versus number of snapshots for POD. (b) Relative torque error in %.

Fig. 3. Torque versus angular steps for different simulation techniques with
60 snapshots. Markers indicate steps that are included in the snapshot set.

with f being the frequency and a1–a5 material-dependent
loss parameters. For this purpose, the magnetic flux density
frequencies are determined by a Fourier decomposition to use
the frequency dependent formula. As shown in Section IV-B,
local errors occur introducing numerical noises and additional
frequencies in the decomposition. Even though the numerical
noise results in an error of the flux density frequencies,
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TABLE IV

IRON LOSSES

Fig. 4. Normed computational effort for the simulated VPMSM.

the approximated iron losses are in good agreement with the
reference losses. The reason for this is given by the terms on
which the numerical noises act and the location of the losses.
The main terms, which are affected by the numerical noise,
are of order larger ones, namely, the eddy current and excess
losses. By using thin electrical steel sheets, the coefficients
belonging to these terms are rather small, resulting in a
minor influence on the computed losses depicted in Table IV.
Furthermore, the main part of the deviations is located near
the airgap. The rotor iron losses of a synchronous machine
are small compared to the stator losses. In major parts of the
stator, only small deviations occur, which leads to only a minor
influence on the stator losses. As the local flux density devia-
tion from Fig. 1(e) indicates, the POD is nearly similar to the
reference, but, even though the POD-LDEIM shows stronger
deviations [see Fig. 1(f)], the iron losses are still accurate
enough. In Fig. 4, the computational time for the different
methods is given. All simulations have been conducted on a
single core, and the reference time is normalized. In the case
of the problem analyzed in this contribution, the additional
multiplications in the POD lessen the computational saving to
10%. The POD-LDEIM shows a lower computational effort
because of the additional reduction of the nonlinear terms.
The calculation of a solution for a distinct time step after the
snapshots has been computed and the projections are created
is three times faster than the reference. Taking the snapshot
calculation into account, a computational saving of 45% is
obtained if 60 snapshots are used.

V. CONCLUSION

In this contribution, a comparison between different DEIM
methods and Gappy POD applied to a synchronous machine is
given. Employing local projections as in the LDEIM offered
the highest accuracy and is stable. It is shown that the ROM is
able to approximate the machine behavior in terms of torque
and losses as globally integrated quantities. Local quantities
can show deviations due to the interpolation approach.

Particularly, in the first geometry design steps of electrical
machines, where the required accuracy is not as high as in
the final design process, ROMs offer an efficient way to
approximate the machine behavior.
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