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Abstract – This paper proposes a new control scheme based on maximum torque-per-
ampere (MTPA) for speed controlled induction machines. In the MTPA scheme the torque- 
and flux-generating currents are calculated from the reference torque. In order to attain the 
reference torque in the constrained regions, the loss minimization curve can not be 
guaranteed anymore. Instead of the optimum current, the boundary values are chosen. In 
the new approach the reference torque in transient states will be adapted dynamically in 
such a way, that the loss minimization is always pursued. To track this loss minimization 
trajectory exactly, especially in transient states, an optimum current control scheme with 
generalized predictive control is introduced. The simulation results show that the energy 
losses can be reduced significantly when compared to the steady state MTPA during the 
transient procedure in constrained regions without deterioration of drive dynamic. 
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1. Introduction 
 

Induction motors (IM) are applied in high performance 
electric drive systems because of their simple structure, low 
manufacturing cost and high reliability. However, due to the 
additional magnetization current the efficiency of IM is 
lower when compared to permanent-magnet synchronous 
machines[1]. proposes to improve the power efficiency by 
control means. Until now, there exist various control 
schemes to cope with this disadvantage. Maximum torque-
per-ampere (MTPA) control realizes the loss minimization 
in steady states[2]. gives the control scheme in the complete 
operating region. 

In principle the efficiency improvement control can be 
divided into three classes [3]: loss-model-based methods [4-
8], self-optimizing methods [9-11] and hybrid methods. In 
model-based loss-minimization algorithms diverse loss 
models were developed. In [5] the loss model was 
simplified by neglecting the leakage inductance of stator 
and rotor, which causes inaccuracy of voltage description 
especially in high speed region. In [7] the loss model 
including leakage inductance was taken into account. 
However, the iron loss current was neglected for the 
simplification. The iron losses result from the air gap 
voltage. In high speed region, where the iron loss current is 
not neglectable, the modeled losses are inaccurate[8]. 
investigated the effect of stator resistance on the voltage 
constraint, which was not considered in previous works. 
The voltage ellipse rotates counterclockwise if the voltage 

drop on stator resistance is incorporated into the voltage 
description. However, the computational effort is increased 
enormously. Because of its marginal impact this voltage 
term will not be considered in this study. 

In this paper the iron loss current will be derived for iron 
loss calculation, so that the loss model is close to the full 
loss model over the whole speed region. The proposed 
scheme in this paper adjusts the required torque, flux- and 
torque-generating currents of speed controlled IM during 
the transient procedure in such a way, that the loss 
minimization is always pursued, especially in regions, 
where stator current and voltage are constrained. 

The paper is organized as follows: in section II the 
machine dynamic model including losses is introduced, in 
which the iron loss current is considered. Based on this 
model the power loss formulation is derived. This power 
loss formulation is used for the proposed optimum current 
control with dynamic torque adaptation, which is discussed 
in section III. In section IV, the simulation results of the 
conventional 1/ωr [12], steady state MTPA and the proposed 
control schemes are presented. 
 
 

2. Loss Modeling and Calculation 
 

In consideration of iron loss for the fundamental wave 
model the entire losses can be calculated by stator and rotor 
copper losses as well as iron losses, whereat the coefficients 
of the latter two losses depend on the electrical angular 
frequencies of stator and rotor. In [7] the iron losses are 
approximated by the square of the air gap voltage divided 
by a constant, which can be considered as a resistance 
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connected in parallel to the mutual inductance. Due to the 
slip, the rotor iron losses are much smaller than the stator 
iron losses. Thus, rotor iron losses are neglected in this 
paper for purpose of computational simplification. 

 
Fig. 1. Equivalent circuit diagram for induction motor 

including losses 
 

In Fig. 1 the fundamental wave model of an IM with iron 
losses is given, where Io and Ife describes the currents 
flowing through mutual inductance and iron loss resistance, 
L1σ and 2σL′  the leakage inductances of stator and rotor 
(referred to stator side), respectively. Therefore, the stator 
and rotor as well as air gap voltage equations in the 
synchronous frame can be given as follows: 

e e e e
ds s ds ds e qs

d
d

u R i
t
Ψ ω Ψ= + −               (1) 

e e e e
qs s qs qs e ds

d
d

u R i
t
Ψ ω Ψ= + +               (2) 

e e e
r dr dr e r qr

d0 ( )
d

R i
t
Ψ ω ω Ψ′= + − −             (3) 

e e e
r qr qr e r dr

d0 ( )
d

R i
t
Ψ ω ω Ψ′= + + −             (4) 

e e
m dfe e qmR i ω Ψ= −                  (5) 

e e
m qfe e dmR i ω Ψ=                   (6) 

Where Rs, rR′  and Rm denote the stator, rotor (referred to 
stator side) and iron loss resistance; ωe, ωr the synchronous  
and rotor speed; e

dsu , e
qsu , e

dsi , e
qsi , e

dri , e
qri , e

dfei , e
qfei , 

e
dsΨ , e

qsΨ  , e
drΨ , e

qrΨ , e
dmΨ  and e

qmΨ  the voltage, current 
and flux in d- and q-axis of stator, rotor (referred to stator

side) and air gap, respectively. In (5) and (6) the transient 
parts are not taken into account, because the iron losses are 
significant in high frequency area, in which the induced 
voltage by rotation is much larger than by self-induction. 

Furthermore, the flux linkage equations are defined: 
e e e e

ds s ds m dr m dfeL i L i L iΨ = + −               (7) 
e e e e

dr r dr m ds m dfeL i L i L iΨ ′= + −               (8) 
e e e e

dm m ds m dr m dfeL i L i L iΨ = + −               (9) 
e e e e

qs s qs m qr m qfeL i L i L iΨ = + −               (10) 
e e e e

qr r qr m ds m qfeL i L i L iΨ ′= + −               (11) 
e e e e

qm m qs m qr m qfeL i L i L iΨ = + −              (12) 

Where Ls, rL′  and Lm are the stator, rotor (referred to stator 
side) and the mutual inductances. 

The calculation of the entire losses of the IM is based on 
these equations. To simplify the computation the rotor flux 
frame is applied with the electric angular frequency: 

e
r qs

e re
r μ

R i

L i
ω ω

′
= +

′
               (13) 

Where e
μi  represents the magnetic current. In rotor flux  

frame we obtain the following equations from (5), (6), (9) 
and (12): 
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Where σ2 denotes the rotor leakage coefficient. The 
description of the entire losses of the IM can be then 
derived as (16), which is dependent on stator d- and q-
currents and electric angular frequency of rotor flux. 
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3. Proposed Optimum Control Scheme 

 
By using the machine loss description derived in the last 

section and the system constraint formulations the new 
optimum control scheme will be introduced in the 
following. 

 
3.1 System Constraints 

 
The system constraints of IM are represented by stator 

current and voltage limits, which are given as: 
e 2 e 2 2
ds qs dqmaxi i I+ ≤                (17) 

e 2 e 2 2
ds qs dqmaxu u U+ ≤                (18) 

It is obvious that the current limit is described as a circle 
with constant radius and centered at origin in e

dsi - e
qsi  axis,  

whereas the case of the voltage limit is much more 
complicated. Substituting (7), (10), (14) and (15) into (1) 
and (2) we obtain: 

e e e e
ds 1 e qs 2 e qs 3 e ds( ) ( ) ( )u k i k i k iω ω ω= +-        (19) 

e e e e
qs 1 e ds 2 e ds 3 e qs( ) ( ) ( )u l i l i l iω ω ω= +-         (20) 

Where k1, k2, k3, l1, l2 and l3 are frequency-varying 
coefficients, which increase monotonically with ωe. By 
applying the machine parameters into both equations we get 
the coefficient values by ωe= ωN and ωe= 4ωN. 

As shown in Tab. 1 the coefficients k2 and l1 dominate the 
voltage values over the frequency domain. Therefore, (19) 
and (20) can be approximated by 

e e
ds e s qsu L iω σ= −                 (21) 

e e
qs e s dsu L iω=                   (22) 

Where σ denotes the total leakage coefficient. Thus, the 
voltage limit can be represented by an ellipse at origin, 
which shrinks by increasing the frequency. 

 
Table 1. Frequency-varying coefficients 

Coeffs. ωe= ωN ωe= 4ωN 

k1 1.37×10−3 0.022 

k2 1.992 7.970 

k3 0.043 0.692 

l1 26.420 105.683 

l2 2.437×10−3 0.155 

l3 0.043 0.692 

 
3.2 Dynamical Torque Adaptation 

 
Using MTPA the whole frequency domain can be divided 

into three regions, which is introduced in [2]. In the region 
under a certain frequency, generally the nominal frequency, 
only the current limit should be taken into account. Beyond 
the nominal frequency the voltage limit should be 
considered as well. There exists one frequency ωc, over 
which the current limit is no more interesting, because the 
tangential point of torque and voltage curves is located 
inside the current-limit circle instead of on its edge. These 
both frequencies are determined by machine parameters and 
system constraints as following: 

dqmax
N 2 e 2 2 2 2

s dsN 2 s dqmax dsN( )

U

L i L I i
ω

σ
=

+ −
      (23) 

2 2 2
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N 2 4
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+
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The current values of applied torque by MPTA are 
located at the tangential point of loss and torque curves: 

e 2 e e e 2
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e e
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Substituting (26) in (25) and with loss
e
ds

0
P

i

∂
=

∂
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e
qsopt e
e

edsopt

( )
const.

( )

i A
Ci

ω
ω

= =             (27) 

for a certain ωe. By substituting (24) in (27) the gradient at 
point ωc is equal to 1/σ. Fig. 2 illustrates the trajectory of 
operating points according to MTPA. 

 
Fig. 2. Trajectory of MTPA 

 
By means of MTPA the losses of an IM can be reduced 

significantly. However, in the transient procedures, in 
which the system constraints are activated, the loss 
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minimization curve can not be guaranteed anymore. In the 
following the approach with dynamical torque adaptation 
will be introduced. 

In Fig. 3 the whole frequency domain is divided into 
three cases by two frequencies given in (23) and (24). The 
blue dashed lines 0A and 0C illustrate the possible 
trajectories describing tangential points of loss minimization 
and torque curves by a certain rotor flux speed. The red 
lines represent the constraint/boundary lines to be 
considered. In each case the whole region can be divided 
into several sub regions as shown in figures. 

Fig. 3(a) describes the basic speed area, in which only 
current limit should be considered. The whole region is 
divided by the boundary lines and the line 0E between 
origin and nominal point. If the gradient of the tangential 
point trajectory by frequency ω is smaller than 0E, e.g. 0A, 
only sub regions 1 and 2 have to be observed. The optimum 
current point follows 0A as long as the required torque is 

smaller than the one attained at point A. In case of a torque 
requirement larger than this value in the transient 
procedure, e.g. Te in the figure, the MTPA takes the 
intersection of current and voltage limit lines (point E), 
whereat the proposed scheme calculates the minimal loss 
and chooses the admissible current combination at point B, 
which provides the adapted torque. In case that the 
optimum current trajectory lies over 0E, e.g. 0C, the point 
D is chosen. 

Fig. 3(b) illustrates the field-weakening area, in which 
both current and voltage limits have to be taken into 
account. Point E denotes the intersection of current and 
voltage limit lines. Different to the basic speed area, the 
gradient of 0E is speed-varying and should be calculated for 
current frequency. In case of 0A the chosen point B must 
not be on the line of nominal magnetic current, but it is also 
possible, that point B lies on the voltage limit curve. 

 

 
Fig. 3. Dynamical torque adaptation and current determination. 

 
In the high speed area, in which only voltage limit has to 

be considered, the gradient of 0E in Fig. 3(c) is speed-
varying and should be updated according to the speed as in 
Fig. 3(b). In case of 0C the point D is determined by the 
intersection of loss minimization curve, which is tangent to 
the torque curve, and the voltage limit curve. In sub region 
4 instead of point F point G is applied. 

The adaptation information is then returned to the speed 
controller to obviate windup effect. Depending on the 
location of the operating point, different control strategies 
should be approached, which are introduced in the 
following. For the complete calculation the following 
functions are utilized: 

● 
e e e 2 e 2 2

1 ds qs ds qs dqmax( , )f i i i i i= + −  

● 
e e e 2 e 2 2

2 ds qs e s ds e s qs dqmax( , ) ( ) ( )f i i L i L i Uω ω σ= + −  

● 
e e e 2 e e e 2

3 ds qs e ds e ds qs e qs( , , ) ( ) ( ) ( )f i i P A i B i i C i Pω ω ω= + + −  

● 
e e e e

4 ds qs ds qs( , )f i i Di i=  

According to the location of operating point one of the 
following strategies will be executed: 

1) e * e
dsopt dsmini i= ; e * e

qsopt qsmini i= ; * *
eopt eT T= . 

2) e * e
dsopt dsNi i= ; 

    solve f3(
e e
dsmin qsmin,i i )=0 and get Pmin; 

    solve f3(
e
dsN min,i P )=0 and get e *

qsopti ; 

    *
eoptT = f4(

e * e *
dsopt qsopt,i i ). 

3)  solve f3(
e e
dsmin qsmin,i i )=0 and get Pmin; 

    solve f1=0 and f3(Pmin)=0 and get e *
dsopti and e *

qsopti ; 

    *
eoptT = f4(

e * e *
dsopt qsopt,i i ). 

4) solve f3(
e e
dsmin qsmin,i i )=0 and get Pmin; 
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    solve f2=0 and f3(Pmin)=0 and get e *
dsopti and e *

qsopti ; 

*
eoptT = f4(

e * e *
dsopt qsopt,i i ). 

Fig. 4 gives an overview of the strategy determination for 
the proposed control scheme. 

 
Fig.4. Flow diagram of the proposed control scheme. 

 
 

3.3 Optimum Current Control 
 

To assure drive dynamic and simultaneously to suppress 
overshooting of flux-generating current, an optimum 
current control using generalized predictive control (GPC) 
is introduced for the proposed control scheme. GPC 
developed by Clarke et al [13]. is one of the most popular 
model predictive control (MPC) methods in industry and 
academia and can deal with single-input-single-output 
(SISO) plants. 

Every MPC method consists of three fundamental 
components: 

● Prediction model 
● Cost function 
● Control law 
The GPC uses Controlled Auto-regressive Integrated 

Moving Average (CARIMA) (see [14] for more 
information) to describe the plant, which is given by 

1 1 1 ( )( ) ( ) ( ) ( 1) ( )d e tA z y t B z z u t C z
Δ

− − − −= − +      (28) 

with 

11 zΔ −= −  

Where A and B depict the system behavior, e(t) the noise, d 
the dead time of the system and C polynomial can be 
designed for an internal filter. Using this prediction model 
the system output can be predicted, which is based on the 
future control set and past outputs and controls. Therefore, 
the predicted outputs in finite prediction horizon y can be 
described as 

y Gu f= +                  (29) 

Where u is the sequence of control actions in the future, G 
is the derived matrix. This term depends on the control 
actions in future and is called forced response. f is the 
information about the past, which is free from the control 
actions and therefore is named free response. 

The cost function of MPC determines the behavior of the 
controlled system. It can be defined differently for various 
aims. The general expression is given by: 

J
2

1

2 2
1 2 u u

1
ˆ( , , ) ( ) ( 1)

uNN

i t j t j i
j N j

N N N w y t jμ λ Δ+ +
= =

= − + + −∑ ∑  

(30) 

N1 and N2 are the start and the end step of the prediction 
horizon. In case of the existence of dead time in system, N1 
should be defined in such a way, that the dead time is taken 
into account. Nu denotes the control horizon, which gives 
the control action steps. Beyond the control horizon, the 
control signal should not be changed anymore. The first 
term of the cost function describes the ability to track the 
reference signal. The bigger the weighting factor μj is, the 
faster the reference can be tracked. The second term of the 
cost function specifies the actuating energy used within the 
prediction horizon. For purpose of simplification of 
parameter tuning, the weighting factor μ can be set to 1 and 
only λ has to be modified. 

Substituting (29) into (30) we obtain the cost function 
represented by the control actions in the future: 

J =(Gu+f −w)T(Gu+f −w)+λuTu         (31) 
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Where w is the sequence of the reference values in the 
prediction horizon. By partial derivative of J with respect to 
u and making this gradient equal to zero, the control law 
can be attained. The control action in the next time step is 
calculated by adding the first element of u to the control 
signal in the last time step. Only this value is applied to the 
system and the complete optimization procedure will be 
repeated again based on the updated information in the next 
time step. Therefore, MPC is also called Receding Horizon 
Control (RHC).  

Fig. 5 gives the structure of the system, which is 
controlled by GPC. According to the prediction model, the 
past system outputs and the control actions both in the past 
and future, the predictor provides the system outputs a 
priori. The optimizer decides the control law by minimizing 
the cost function. The control action in the next time step is 
then applied as input to the system. 

 
Fig. 5. Structure of Generalized Predictive Control [15] 

 
In Fig. 6 an overview of the control structure is depicted. 

Because the speed controller using GPC can achieve a high 
dynamic of the speed control loop through the optimization 
procedure, the flux control in inner loop can be dispensed 
without deterioration of the system dynamic. In the next 
section the simulation results of conventional 1/ωr, steady 
state MTPA and the proposed scheme will be compared. 

  
Fig. 6. Block Diagram Optimum Current Control 

 
 

4. Simulation Results 
 

The complete simulation process is defined as follows: 

Table 2. Simulation process 

Period(s) Reference Speed(r/min) Load Torque(N·m)

A: 0-2 1000 5 

B: 2-3.5 2000 50 

C: 3.5-5 4500 30 

D: 5-8 1000 10 

E: 8-10 1000 20 
 
Firstly the trajectories of the stator current will be 

analyzed. Fig. 7 illustrates the trajectories in transient 
procedure from period D to E of conventional 1/ωr, steady 
state MTPA and the proposed scheme, which are marked 
by the solid lines in blue, red and green, respectively. In the 
steady states of D and E the IM works at different operating 
points, which are distinguished by soft and solid dots. 
Because the latter two schemes are based on the same 
principle in steady states, the operating points lie upon each 
other. The two dashed lines depict the load torques of D 
and E. As the reference speeds in both periods are the same 
and the impact of load torque change on the speed is 
limited, the gradient of the optimal stator current 
trajectories of MTPA and the proposed scheme can be 
considered as constant. It is easy to identify in the figure, 
the conventional 1/ωr keeps the rotor flux constant in the 
basic speed area. Thus, the trajectory lies in parallel to the 
iqs-axis. The green solid line corresponds with the optimal 
trajectory with the gradient in (27), whereas by MTPA the 
stator current deviates from the optimal trajectory due to the 
overshooting of d-axis current.  

 

 
Fig. 7. Stator current trajectory 

 
In the following the transient procedures with activated 

system limits will be discussed. Fig. 8 shows the machine 
loss development of three control schemes during the 
transient procedures from B to C and C to D as well as the 
steady state in C, in which the IM works in the field-
weakening area. It is evident that during the transient 
procedures the IM power losses are reduced significantly 



40         Loss Minimization of Speed Controlled Induction Machines in Transient States Considering System Constraints 
 

by using the proposed scheme when compared to steady 
state MTPA. In the steady state with low load (after 5.4 
seconds), both the proposed scheme and MTPA show a 
better efficiency than the conventional 1/ωr control. 

 

 
Fig. 8. Power loss in transient states with system limits 
 
Fig. 9 gives the energy losses of the IM during the 

complete drive cycle. The control parameters of these three 
schemes are chosen in such a way, that the system 
dynamics are similar. The gradients of the energy loss 
curve, which describes the power loss, of the conventional 
control scheme in steady states are generally larger than 
those of the other schemes. Furthermore, in the transient 
procedures the increase of energy loss curve by the 
proposed scheme is in principle slower than the one by 
MTPA. The results show the energy efficiency of the 
conventional 1/ωr method is about 88.42%, 89.89% by 
MTPA and 91.81% by the proposed control scheme. 

 

 
Fig. 9. Energy loss development during the drive cycle. 

 
 

5. Conclusions 
 

In this paper the model of an IM including iron losses is 
proposed, in which the iron losses are represented by a 
resistance connected in parallel to the mutual inductance. 
The iron losses are formulated by using iron loss current 
instead of the air gap voltage, which is more accurate. 
Based on this power loss description, an optimum current 

control scheme considering system limits is studied. The 
simulation results confirm that by means of the proposed 
scheme the power loss can be reduced significantly in case 
of transient states and system limit activation. 
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